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Abstract: Recent derivations of Cardy-like formulae in higher dimensional field theories 
have opened up a way of computing, via AdS/CFT, universal contributions to black hole en¬ 
tropy from gravitational Chern-Simons terms. Based on the manifestly covariant formulation 
of the differential Noether charge for Chern-Simons terms proposed in [1], we compute the en¬ 
tropy and asymptotic charges for the rotating charged AdS black holes in higher dimensions at 
leading order of the fluid/gravity derivative expansion in the Einstein-Maxwell-Chern-Simons 
system. This gives a result that exactly matches the field theory predictions from Cardy-like 
formulae. 
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1 Introduction 

Since the famous demonstration by Bekenstein and Hawking that black hole geometries have 
entropy, the quest for understanding microscopic origins of that entropy has taken us on a 
long and fascinating adventure connecting various fields of physics and mathematics. The 
advent of string theory and AdS/CFT has injected much enthusiasm into this subject, and 
for a wide class of extremal/near-extremal black holes we can now claim to understand (albeit 
by somewhat indirect means) where this entropy comes from [2-8]. 

Accounting for the entropy of finite-temperature black holes has however been a more 
difficult endeavor. The major successes in this regard are often linked to anomalies — a 
paradigmatic result in this direction is the Cardy formula [9] which links the thermodynamic 
properties of a 2d CFT with the anomaly coefficients (the right and left central charges cr^l) 
calculable from the microscopic description. In context of AdS 3 /GFT 2 , this fact has been 
repeatedly exploited [10] to account for the entropy of finite temperature AdSs black holes 
far from extremality. It is hence an interesting question to ask whether this success can be 
extended to higher dimensions. 

The parity even part of the Gardy formula does not generalize to higher dimensional 
field theories.^ However, recently the analogue of the parity odd part of the Cardy formula 
in higher dimensions has been conjectured [11-14] and proved [15-17]. As we will briefly 
review below, this generalization — often goes by the name of ‘replacement rule’— gives a 
prescription in which one starts with the anomaly polynomial T'cft of the field theory under 
question and then, by a series of steps, constructs an expression for the leading parity odd 
part of the entropy. 

It is then natural to enquire whether the replacement rule can be used to account for the 
leading parity odd part of the black hole entropy. The main aim of this work is to show that 
this is indeed the case and that successes in AdS 3 /CFT 2 can be extended to the parity odd 
sector of any even dimensional CFTs. 

^For example, consider the famous 3/4 factor between free energies at strong and weak coupling in four¬ 
dimensional A/” = 4 SYM. Since the central charge of this theory is coupling independent, the presence of this 
factor rules out any possibility of universal formula only involving central charges. 
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The anomaly coefficients we are interested in (along with the Weyl anomaly coefficients 
to whom they are related to via supersymmetry) have been conjectured to determine various 
terms in different supersymmetric partition functions. Such conjectures have been investi¬ 
gated actively by various authors including [18-26]. Although these supersymmetric versions 
do not yet have a general proof of the type given in [15, 17], there is a mounting evidence 
for their validity. Our arguments in this work about how anomalies show up in gravity 
computations would hopefully be extended to such supersymmetric versions. 

The first step in this direction is to construct a large class of black hole solutions which 
will play the role of the famous BTZ black hole solution in higher dimensions. In order to 
have a parity odd part to the entropy associated with anomalies, these black holes should 
be solutions of a gravitational theory with Chern-Simons terms. The simplest system of this 
kind is the Einstein-Maxwell-Chern-Simons system with an action 
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ab 


+ / Ics[A,F,T,R] 


( 1 . 1 ) 


Here the Chern-Simons part of the Lagrangian is denoted as Ics which is a (d-l-l)-form.^ Since 
Chern-Simons terms are odd forms, this necessarily implies that d = 2n with a positive integer 
n. The cosmological constant A^^ is taken to be negative and is given by A^^ = —d(d — l)/2 
such that Gab is an asymptotically AdS^+i metric with unit radius, Fab is the Maxwell field 
strength, Gj^ and are the Newton and Maxwell couplings respectively. For later use, we 
also define the normalized Maxwell coupling constant Kg by WnGN/gy^^ = Kg {d—l)/{d —2). 
Large, charged, rotating black hole solutions of this system were constructed in our recent 
work [27] using fluid/gravity correspondence. 

The main aim of this work is to compute the entropy and the asymptotic charges of these 
solutions. In course of our calculations in this somewhat simplified system, we will exhibit 
various structural features which we believe would carry over to more complicated examples 
in string theory. In particular, the bulk of our Appendices are devoted to proving a kind 
of ‘non-renormalization theorem’ for anomaly-induced entropy which shows how anomaly- 
induced entropy does not get corrected in fluid/gravity expansion. We expect this result 
(along with the various structural cancellations that lead to it) to hold in more complicated 
examples. In fact, the robustness of anomaly induced entropy in field theory suggests that 
such a result should hold even when stringy and quantum gravity corrections are taken into 
account ! 

The second step is to develop a coherent method to compute the entropy of black hole 
solutions in the presence of Chern-Simons terms. This involves various subtleties due to the 
non-covariant nature of Chern-Simons terms in the Lagrangian density. In particular, the 
original Noether procedure due to Wald [28-30] is valid only for the system described by a 
covariant Lagrangian and thus fails in the case of Chern-Simons terms. Fortunately, this Wald 

^In this paper, we use the same notation and conventions for differential forms as in [1, 27]. We refer the 
reader to Appendix A for a brief summary of notations. 
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formalism for constructing differential Noether charges was extended to theories with Chern- 
Simons terms by Tachikawa [31]. As demonstrated by Bonora-Cvitan-Prester-Pallua-Smolic 
[32], however, this extension suffers from various non-covariance issues for AdS spacetime 
with dimensions greater than three. In our recent work [1], we identified the root cause of 
these non-covariance problems to be the choice of a non-covariant pre-symplectic structure 
in the Tachikawa method. 

Further, in that work, we showed that with higher dimensional Chern-Simons terms, 
one can instead choose a manifestly covariant pre-symplectic structure and implement the 
Noether procedure without any subtleties. One of the main results of that work was a 
covariant expression for Chern-Simons contribution to the differential Noether 

charge co-dimension 2 form ^Q^oether’ given as a sum of five terms : 

^ To + Ti + T 2 + Ts + T4^ , ( 1 . 2 ) 


where each term on the right hand side is determined by the derivative of the anomaly 
polynomial 'Pc ft = dies (Ics- Chern-Simons terms in the Lagrangian) as 

To = 5A(A + + 5r\{A + 


Ti = 


dFdF 

d^PcFT 
dR\dR<^H ’ 


dR‘^hdF ’ 


T 2 = 6AVdC 
1 


■ d'^PcFT 
dFdR'^d 


n = --6Gab{J:Hr^Hi*dxc) 
Ta = - 


\ *{dxb A dxc)} . (1.3) 


Here the spin Hall current {T,HY^a is defined by {'LHY^a*dxc = —2{dVcFT/dR°‘b) and (A, ^“) 
are the parameters for the U{1) gauge transformation and diffeomorphism, respectively. This 
(^^NoetW )h is manifestly covariant for any odd dimensional spacetime. This expression with 
its five terms denoted by Tj will play a crucial role in this work. In this paper, we take the 
third step whereby we evaluate this Noether charge on our black hole solutions and show that 
this contribution to the black hole entropy is exactly accounted for by the anomaly-induced 
entropy on the CFT side [13-15, 17]. In addition, we will also use this covariant differential 
Noether charge to evaluate the asymptotic charges, that is, the energy-momentum tensor and 
the charge current of the dual CFT. This completes the holographic and systematic derivation 
of the replacement rules for these quantities initiated in [27]. 

Before we proceed to the details of our computation, certain clarifying comments are in 
order regarding the use of differential Noether charge. For a time-independent black hole 
solutions with bifurcate Killing horizon, the differential Noether charge form exhibited above 
can be integrated over the bifurcation surface. Following Wald, we can then derive an integral 
expression for the total Noether charge of stationary solutions [1] and this gives the correct 
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modification of Wald entropy in the presence of Chern-Simons terms as originally conjectured 
by Tachikawa [31] : 


Bif 

- f 

~ / '^S,CFT > 

J Soo 

where in the first line, the integrals are over the bifurcation surface with denoting the 
binormal at the bifurcation surface. In the second line, we have pulled back these integrals to 
a spatial slice in the AdS boundary using the ingoing null geodesic prescription for the CFT 
entropy current cvt following [33]. 

In the above entropy formula, L^ov is the covariant part of the gravity Lagrangian which 
contributes via the famous Wald formula as expected. The CFT anomaly polynomial 'Pc ft = 
dies encodes the information about the Chern-Simons part and we have presented this 
contribution in terms of the normal bundle connection Fjv on the bifurcation surface and its 
curvature Rn = dFjv. They are defined using the binormal as 


'S'wald-' 


Tachikawa — 
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While we will have much to say about the structure of Tachikawa formula (1.4) especially 
vis a vis the structure of the replacement rule,^ we will rely directly on (^QNoether)^^ fo'^ 
main results. This is for a computational and a deeper conceptual reason. 

The computational reason is this — our solutions are naturally written in ingoing Ed¬ 
dington Finkelstein type coordinates which are unsuited for examining bifurcation surface 
geometry (especially objects like those defined in Eq.(1.5)). In case of usual Wald formula, 
this issue does not arise : according to an argument by Jacobson-Kang-Myers(JKM) [34], 
for time-independent solutions, the hrst term in (1.4) coming from Lcov can be evaluated on 
an arbitrary spatial slice of the horizon instead of the bifurcation surface. Unfortunately, we 
have not been able to formulate such a JKM type argument for the second term in (1.4).^ 
We will later propose a heuristic expression for the total Noether charge similar to Tachikawa 
formula which, when evaluated in standard fluid/gravity slicings, does reproduce the answer 
obtained from the differential Noether charge method (see §§ 3.1). It would be interesting to 
come up with a generalization of [34] to Chern-Simons terms that would justify our proposal. 
Eor these reasons, even in the time-independent case, we will rely on ((^QNoether)j^ assign 
entropy and charges . 

®In Appendix D, we provide an interesting rewriting of the Tachikawa entropy formula in terms of the 
Pontryagin classes. This expression based on the Pontryagin class would probably be useful to relate the 
Tachikawa entropy formula to general CFT replacement rule in the case when the CFT is on a general curved 
background. 

“^Note that, in BTZ case, one can explicitly check that such a Jacobson-Kang-Myers type argument does 
hold for many of the standard coordinate slicings in nse. Given the complexity of flnid/gravity solntions in 
higher dimensions, snch an explicit check does not seem feasible. 
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The conceptual reason is this — our fluid/gravity solutions are in general time-dependent 
and various steps needed for deriving (1.4) are no more valid. We remind the reader that, 
unlike the discussion in the previous paragraph, the issue of defining time-dependent entropy 
current in presence of higher derivative terms is ill-understood even in the absence of CS 
terms. An implicit assumption here is that the use of differential Noether charge ameliorates 
these problems, i.e., we advocate that the differential Noether charge is an appropriate way to 
assign entropy current, energy momentum tensor and charge currents to time dependent black 
hole solutions at least in the fluid/gravity regime.® It would be interesting to see whether 
this prescription reproduces the specifc subleading® time-dependent corrections to anomalous 
transport predicted by fluid-dynamical considerations (see Sec. 12 of [35]). 

After this technical aside, let us conclude our introduction by giving the outline of our 
paper. We will begin in section §2 by briefly reviewing the basic results from previous work 
that we will need later on. This review naturally falls into two subsections. In §§2.I, we 
will state the replacement rule derived from CFT considerations while in §§2.2 we present 
the black hole solutions of interest derived in [27]. This is followed by §§2.3 which contains 
a description of the manifestly covariant differential Noether charge constructed in [1]. This 
section ends with §§2.4 which is a summary of new results from this paper for the convenience 
of the readers. 

In the next section §3, we show how the replacement rule for the anomaly-induced en¬ 
tropy current is reproduced from the differential Noether charge for the Chern-Simons terms 
evaluated at the horizon of our rotating charged AdS black hole solution. This is preceded 
by a heuristic derivation of the same result using a Tachikawa-like formula on the horizon. 

Moving on to section §4, our differential Noether charge is used to derive the CFT stress 
tensor and current which reproduce field theory expectations. We conclude in section §5 with 
discussions on future directions. 

We relegate various simple examples and many technical details to our Appendices. First, 
we provide a series of Appendices containing a list of notation (Appendix A) and a collec¬ 
tion of useful formulas (Appendix B and C) we use throughout this paper. Rewriting of the 
Tachikawa entropy formula in terms of the Pontryagin classes is explained in Appendix D. Us¬ 
ing our differential Noether charge, we review in Appendix E the well-known AdSa derivation 
of the Cardy formula in the presence of gravitational anomalies. The simple case of Abelian 
Chern-Simons terms are dealt with in Appendix F. The following Appendix works out in 
detail the AdSs case which shows the essential structures necessary for the computations in 
arbitrary dimensions. We then describe in Appendix H some structural results regarding the 
T 3 and terms appearing in our differential Noether charge Eq. (2.9) on the rotating charged 
AdS black hole background. Appendice I and J are devoted to the evaluation of Tq, Ti and 

®We emphasize that this is indeed an assumption given that Wald-like formalisms do not readily generalize 
to fluid/gravity regime. More specihcally, no such generalization has been proved yet to give an entropy current 
which satishes local version of second law to arbitrary order in derivative expansion. 

® At the leading derivative order we work in this paper, there are no time-dependent corrections to anomalous 
transport. 
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T 2 terms in the differential Noether charge Eq. (2.9) at the horizon. In Appendix K and L 
we compute the asymptotic charges for our black hole solution. Finally in Appendix M, we 
compute the Einstein-Maxwell contribution to the entropy. 


2 Review of previous works and summary 

In this section, we will review a few relevant recent results which will be useful in the com¬ 
putations of the stress tensor/current and entropy. We start with the recent field-theoretical 
results on the replacement rule of stress tensor/current and entropy. After this, we move to 
the dual gravity side and briefly review some important results from our previous papers : 
the rotating charge-AdS black hole solution dual to charged rotating fluid [27] as well as the 
manifestly covariant differential Noether charge for Chern-Simons terms and the Tachikawa 
entropy formula derived from it [Ij. In the final part of this section, we summarize our 
main results in the current paper and compare them with predictions coming from the GET 
replacement rule. 


2.1 Entropy current and stress tensor/current from GET replacement rule 

Through the recent studies on the hydrodynamic description of systems with global anomalies, 
it has been shown that the leading order anomaly-induced transports are completely captured 
by the ‘the replacement rule’ [13-15, 17]. The statement of the replacement rule is as follows : 
let us consider an even-dimensional quantum field theory with global anomalies characterized 
by an anomaly polynomial 'Pcft- We define the pseudo-vector V/ as = uA = 

uA where u = u^dx^ is the fluid velocity one-form and u = {l/2)uj^ydx^^ Adx’-' is the 

vorticity 2-form. Then, the leading anomaly-induced contribution to the Gibbs free energy 
current is along V/. If we write -|- ... where ... denotes the non- 

anomalous (and the sub-leading anomalous) contributions, the replacement rule claims that 

g(v),CFT 

is completely determined by the anomaly polynomial : 


(g(v),CFT 


VCFT 


F ^ fi; 


tr[R2fc] ^ 2(27rr)2^ 


( 2 . 1 ) 


Here, ^ is the chemical potential for the U (1) charge while T is the temperature. We note that 
tr[R^^] -A 2(27rT)^^ means the replacement of each tr[R^^] {k: positive integer) appearing in 
the anomaly polynomial by 2{2fT)‘^^. Following the standard thermodynamic relations 

( 2 . 2 ) 

(where G : Gibbs free energy, M. : energy, Q : U{1) charge, S : entropy) we also obtain 
the replacement rule for the anomaly-induced contribution to the stress tensor U{\) 


M=G + ^jlQ + TS = G- 


-t(& 


djX Jr 


dT 


Q = - 


dfl / rj, 


S = -l^ 
dT 
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current and entropy current (as 


'T^anom _ 


■^CFT 






(9// 


5r y 


pno. ^ _ (d^\ 

" V 5 /x I 




anom \ 

5 > 


„ ■ 


(2.3) 


We note that this replacement rule was first conjectured in [13, 14] based on observations 
in free theories and was then proved via formal Euclidean methods in [15, 17]. 


2.2 Rotating charged AdS black hole solution 

Our main interest in the current paper is to consider Einstein-Maxwell-Chern-Simons theory 
with a negative cosmological constant in ((i+ 1 ) dimensions {d = 2n with a positive integer n) 
and evaluate the Hall contribution to the differential Noether charge constructed in Ref. [1] 
both at the boundary and horizon of the rotating charged AdS black hole solutions in five 
and higher dimensions. These black hole solutions are derived via the fluid/gravity derivative 
expansion in Ref. [27]. Eor later use, we summarize some key results on these black hole 
solutions from Ref. [27] and on the differential Noether charge from Ref. [1]. The action of 
the Einstein-Maxwell-Chern-Simons theory with a negative cosmological constant is given in 
Eq. (1.1). The rotating charged AdS black hole solution on which we are going to evaluate 
the Chern-Simons contribution to the differential Noether charge (2.9) takes the following 
form [27] : 

ds — 2u^dx^ ®sym dv -{- T [ f (v , TTT, O') U^Ui/ -j- T]ut^] dx^ ®sym dx -j- . . . 

-h 2g^ (r, m, q) UfjVu dx^ ®sym dx^' + ..., 

A = <l>(r, q) dx^ + ■ ■ ■ 

-F ay{r,m,q)Vf, dx^ + ... . 


Here + u^Uy is the projection operator and 


^ _ 1 " 1,1 r 

/(r,m,g) = l-^ + -AC,-^^ , 


, , , ^ 2 df 1 

<l>y(r, m, g) = -r — = 


2 dr 2r^~^ 




q 


md — Kq{d — 1)—L 


d-2 


(2.5) 


We denote the location of the horizon hy r = rn (which satisfies f{rH,Txi,q) = 0). The 
parameters m and q determine the mass and electric charge of this black hole solution. We 
also define 'l'(r) = r^/(r, m, g)/2 for later use. Throughout this paper, we set the boundary 
metric to be flat, g^y = g^y and set the velocity vector (normalized such that = —1) 
to pure rotation, i.e. df^^Uy-^ = 0 and u^oj^y = 0 for the vorticity uifj,y = d^fj^Uyj. We note that, 
at the horizon r = th, we have ^{r = rn) = fJ- and 4>7’(r = th) = 27rT where g and T are 
the 1/(1) chemical potential and the Hawking temperature, respectively. We will refer the 
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reader to Appendix B.1.2 and our previous paper [27] for a more detailed analysis of these 
black hole solutions. 

The first lines of the metric and gauge field in Eq. (2.4) give the AdS Reissner-Nordstrom 
solution boosted by a velocity u^. In particular, we note that, when we take to be a 
uniformly rotating configuration on a sphere, this first line gives the leading order terms of 
AdS Kerr-Newman solutions expanded in the fluid/gravity expansion. The second line of the 
metric and gauge field in Eq. (2.4) is proportional to a pseudo-vector 

and describes how the AdS Kerr-Newman black hole is dressed by the Chern-Simons contri¬ 
butions. 


2.3 Manifestly covariant differential Noether charge for Chern-Simons terms 

In Ref. [1], we constructed a manifestly covariant differential Noether charge for the Einstein- 
Maxwell-Chern-Simons system. The charge is split into two contributions 

(^^^Noether) (^^^Noether ^Ein-Max (^^^Noether) ^ ^ (^‘^} 


where the first term on the right hand side comes from the Einstein-Maxwell part of the 
Lagrangian while the second one arises from the Chern-Simons terms. 

The explicit form of the Einstein-Maxwell contribution (^QNoether)Bin-Max given by 


Noether / Ein-Max 


= (VaC')5 


"(dx“ A dxb) 


16ttGn 
+{A -h i^A) A <5 


+ ST\ A 


A dxb) 
IGttGn 


- ■ 


\ 1 


+ 5AAi^ 


-^M - 


- 


( 2 . 8 ) 


We will call the first term in each line as the Komar contribution, while the second term is 
referred to as the non-Komar part. The Chern-Simons contribution {^QjsioetiieT)H on the other 
hand is given by 

(^QNoether)i^ ^ Tq + Tl + T 2 + + T 4 , (2.9) 


where each term on the right hand side is determined by the derivative of the anomaly 
polynomial T*cft[F, R] = dies (.^cs[^) .f") T,/?] : Chern-Simons terms in the Lagrangian) 
as 

To 
Ti 
T 2 
T 3 
T 4 
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■ d'^VcFT 
dFdR^H 


= dAVdi: 

= -]^5Gab{^HT^'^ H{*dxc). 


dR<^bdF ’ 


+ (Sh)''/ + *{dxb A dx,)] . 


( 2 . 10 ) 




















Here the spin Hall current {T^nY^a is defined by {TiHY^a*dxc = —2{dVcFT/dR°'b)- In this 
paper, we consider the anomaly polynomials of the form' 

rcFT = c^F^ A tr[i^2'=l] A tr[i?2*'2] a ... A tv[R^'^Y , (2-11) 

(here n = 2ktot + l — ^ with ktot = YYa=i n >2) or, more generally, a linear combination 

of it. 

2.4 Main results 

In this subsection, we summarize the main results of this paper : the Chern-Simons contribu¬ 
tion to the differential Noether charge evaluated at the boundary and horizon of the rotating 
charged AdS black hole solution (2.4). 

2.4.1 Anomaly-induced currents 

Through AdS/CFT correspondence, we can write the differential Noether charge evaluated 
at the boundary in terms of the stress tensor and current of the CFT living on the boundary : 

(^^NoetheJIoC = - [e1oo(<lr;r) + (A + *?A)|oO {SJD] • (2-12) 

Here, we have used the notation (.. .)|oo or simply (.. .)oo to denote a quantity (...) evaluated 
at the boundary r —>■ oo. 

In the above equation, the differential Noether charge has been evaluated over a diffeo- 
morphism and 17(1) gauge transformation A which, near AdS boundary, asymptote to an 
arbitrary diffeomorphism and a flavor transformation of the CFT, that is, at the boundary 
of AdS, we will choose and A such that 

^'^loo O(r ^), A|oo -A O(r^). (2-13) 

For simplicity, we choose the vector to be a boundary vector satisfying = 0 and = 0 
(for example, the Killing vectors corresponding to translations and rotations). We will also 
take A to be independent of r : dr A = 0. We note that these A} used for computing the 
stress tensor and currents are state-independent with = 0,(5A = 0}. 

Our main interest is the anomaly-induced part of the CFT stress tensor, current or 
charges. These quantities are proportional to [V^dx^) = A (2lj)^~^) and 

thus are at 0 ;”“^ order in the derivative expansion. Throughout this paper, we in general add 
a superscript ‘anom’ to all expressions to denote such types of contribution. For example, 
the anomaly-induced parts of the stress-energy tensor and current (we simply call them as 
anomaly-induced currents) are 

^CFT _ ^anom i tCFT _ Tanom i /r\ 1/j \ 

1 fii/ “T . . . , . . . . 

^ We use the notation (as well as and c^) to denote the anomaly coefficients,viz., the numerical 
coefficients in the anomaly polynomial. 
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To simplify the notation for the differential Noether charge, we will drop the superscript 
‘anom’ and denote the anomaly-induced part by (^Q^oether) ™ following part of the paper. 

Furthermore, due to the splitting in Eq. (2.7), we can also define the two contributions 
to the anomaly-part of the stress tensor and current : 


rynanom _ ^anom,Ein-Max _j_ 


flU 




<^anom,CS 


Tanom _ Tanom,Ein-Max 

^ fl ^ ^ 


I Tanom,CS 
' ^11 


(2.15) 


The first terms come from the Einstein-Maxwell part of the Lagrangian, while the second ones 
are from the Chern-Simons terms. In Ref. [27], the anomaly-induced currents are obtained 
from the gravity side as® 


/y^anom,Ein-Max 
^ fll/ 


ranom,Ein-Max 



9$ 


dGA 

d^J 


Uu + Ufj, 

hor 





dGA 

hor ’ 



(2.16) 


Here is defined by G^ = where G^'^^ is obtained from the anomaly polynomial 

via the bulk replacement rule [27] : 


G(v) = ^ tr[i^2 


2^>„ 


(2.17) 


We note that at the horizon, this reduces to the boundary GET replacement rule in Eq. (2.3) 
by recalling <l>(r = rn) = 1* and ^^(r = rn) = 2'kT. As was done in Ref. [27], these results 
(2.16) match with the ones derived from the GET Gibbs current by following the discussions 
in Refs. [13, 36, 37] (see §§2.1 above), under the assumption 


- liu 


= 0 , 


f^anom,CS 


= 0 . 


(2.18) 


In this paper, we have confirmed the correctness of this assumption (2.18) by directly 
computing these quantities from the differential Noether charge on the gravity side on the 
rotating charged AdS black hole background. 


2.4.2 Entropy current 

In order to evaluate the entropy current of our solution, we proceed as follows [29, 30]. We con¬ 
sider the differential Noether charge associated with a specific state-dependent diffeomorphism 
and U{1) transformation on our black hole solution. As before, we choose the diffeomorphism 
to be a boundary vector satisfying = 0 and = 0 and the U{1) transformation A 
to be independent of r : drA = 0. However, the boundary components are now chosen to 
depend on the particular fluid state under question : we take 

= = + A = Ahor ^ -HA\r=r^ = fl/T + 0{u^) . (2.19) 

^Strictly speaking, Eqs. (2.16) and (2.18) are only true for AdS 2 n+i for n > 2. In AdSs, the anomaly part 
of the CFT stress tensor is reproduced by the Chern-Simons part of the bulk differential Noether charge only. 
We refer the readers to Appendix E for detailed discussions (in particular, see Eqs. (E.IO) and (E.ll)). 
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For convenience, we will use the notation (.. .)\hor or simply (.. .)hor to denote a quantity (...) 
evaluated at the horizon with the substitutions given in Eq. (2.19) and then pulled back to 
the boundary using ingoing null geodesics [33] . 

As discussed in [29, 30], the differential Noether charge associated with (2.19) evaluated 
on the horizon corresponds to the entropy of the black hole solution. We can write this 
entropy by introducing an entropy current as (jCFT.anom^^ 

(^<5No.heJUo. = • (2-20) 

This should be thought of as the local version of the formalism developed in [29, 30] using 
the pull-back prescription of [33]. 

Here, as in (2.15), we can split the entropy current into the contribution coming from the 
Einstein-Maxwell part of the Lagrangian and the one from the Chern-Simons terms : 


/ TCFT,anom\ _ 

WS J/J. — 


/ Tanom,Ein-Max\ 


I / Tanom,CS\ 

+ Ws ) 




( 2 . 21 ) 


where the first term vanishes as we have shown in Appendix M 




anom,Ein-Max \ _ r\ 

s ■ 


( 2 . 22 ) 


Eor later convenience, it is also useful to define by expanding the entropy current with 

respect to 17(1) chemical potential : 

(2-23) 

i 


In this paper, we derive the following expression for the entropy current from the gravity 
side by computing the entropy of the rotating charged AdS black hole (2.4) : 

= with . (2.24) 

This result is consistent with the GET prescription for the anomaly-induced entropy current 
given in Eq. (2.3). 


2.4.3 Examples 

Eor the reader’s convenience, in Table 1 we present the explicit expressions of and 
the anomaly-induced entropy current for various anomaly polynomials in AdSa, AdSs 
and AdSy. The results for the more general cases are given in the next section and in the 
Appendices. 
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n 

(V) 

VcFT 

gw 

t(V) 

1 

u{2u)^ 



0 

c,tr[i?2] 


— 27rCg X 2 X 2 X {2fT) 

2 

u{2uY 



0 

CmF A tr[i?2] 


-2fCj^ X 2 X 2 X (27rT) x /r 

3 

u{2u)‘^ 

c,F^ 

C,4)4 

0 

Cj^F"^ A tY[R?] 

C^$2(2$2) 

X 2 X 2 X (27rr) x 

Cgtr[i?^] A tr[i?^] 

G(24>4^ 

-2FCg X 2^ X 4 X (27rT)3 

Cgtr[i^^] 


—27rCg X 2 X 4 X (27rT)^ 


Table 1. and 4^"^ for AdSa, AdSs and AdSr- 


3 CFT replacement rule for entropy current from gravity 

In this section, we will show that the CFT entropy current in Eq. (2.24) is reproduced by the 
black hole entropy coming from the Chern-Simons terms. The parity odd part of the Einstein- 
Maxwell contribution to the entropy turns out to be zero. The details of the computations 
are rather standard and straightforward and thus will be presented in Appendix M instead. 
This section will be devoted to some explicit computations of the Chern-Simons contribution 
to the entropy. 

As discussed in the previous section (as well as Introduction), our main derivation here 
is based on the differential Noether charge at the horizon. Given the length of this computa¬ 
tion, however, let us begin instead with a heuristic derivation inspired by Tachikawa entropy 
formula (1.4). The aim here is to make various assumptions that would directly get us to 
the heart of how the replacement rule appears in holography. In the next subsection, we 
will present the results from evaluating the differential Noether charge (2.9) on the rotating 
charged AdS black hole background (2.4). 

3.1 Entropy I : Tachikawa-like formula at arbitrary horizon slice 

Let us begin by recalling from Ref. [1] that for stationary solutions, at the bifurcation surface, 
the Chern-Simons terms contribute to black hole entropy through the Tachikawa entropy 
formula (that is, the second term of (1.4)) 

•^Tachikawa = ^ ^ Stt/c (9 tlR?^ ’ 

for a general anomaly polynomial Re ft- We notice that the rotating charged AdS black 
hole solution that we constructed in [27] is obtained in the ingoing Eddington-Finkelstein 
coordinates. This makes the evaluation on the bifurcation surface difficult (since it is at the 
boundary of such coordinates). 

As we described in Introduction, in the usual Wald formula (that is, the first term 
of (1.4)), these difficulties can be tackled using the arguments of Jacobson-Kang-Myers 
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(JKM) [34]. This JKM type argument ensures that, for stationary solutions, the first term 
of (1.4) evaluated on an arbitrary horizon slice gives the same answer as when evaluate over 
the bifurcation surface. In contrast, it is unclear how to convert the Tachikawa formula (3.1) 
into an expression that can be evaluated over an arbitrary horizon slice. It is especially 
unclear how to interpret objects like Tn over an arbitrary slice. This is an indication of 
broader slice-dependence issues when Wald-like formulae for time-dependent solutions are 
considered.® 

We will not solve this important issue here. However, we will now make a simple proposal 
which seems to give the right answers which are consistent with the direct computation based 
on the differential Noether charge and also the expectations from the CFT side. Let us define 

f AT = — Vfe^“r^akor , RN^dt]\f. (3.2) 

47r 

We will then assume that with these definitions, the entropy is given by a formula similar 
to (3.1) where r^r is replaced by r^r and is replaced by Rn- Thus, our goal now is to 
explicitly evaluate 

^Tachikawa = / E (^.3) 

^arbitrary slice ^ 9 tri?^'^ 

to obtain the replacement rule for anomaly-induced entropy current. The integrand can then 
be taken (after pull-back) to be the CFT entropy-current form. 

Using Eqs. (B.79), (B.64) and (B.68), we find that Ttv starts at order cj®, while 
and R]\f start at In particular, the leading order expressions are given by 

R\hor = ^(2a;) , Tn = —{2ttT)u , R^ = —{2ttT){2lj) -|- ... . (3-4) 

Finally, using Eq. (B.26), we obtain the leading contribution to S'Tachikawa for the rotating 
charged AdS black hole (which is at order : 

5Tachikawa= / (4"^'“°“)^ (3.5) 

J arbitrary slice 

where 

= V,, (3.6) 

V / hor 

for any anomaly polynomial 'Pcft in AdS 2 n+i- Remarkably, this reproduces the GET re¬ 
placement rule for the anomaly-induced entropy current, agreeing with the result based on 
the differential Noether charge without any assumptions in the next subsection. This crude 
computation inspired by the Tachikawa entropy formula simplifies the treatment of 2nd and 
higher order terms drastically. That is, since the above derivation uses each building block 

®We would like to thank Sayantani Bhattacharyya, Shiraz Minwalla and Mukund Rangamani for enlight¬ 
ening discussions regarding related issues. 
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at its lowest order, obviously if any of them is at 2 nd or higher order, the contribution to the 
entropy will be higher than This computation also shows that the replacement rule 

follows from the general structure of black hole solutions and indicates how it might be a 
robust statement holding beyond the simple model under consideration. 

3.2 Entropy II : Evaluation of differential Noether charge at horizon 

We will now turn to a more honest (but more lengthy) derivation of the replacement rule via 
the differential Noether charge with no ad-hoc assumptions. To derive the CFT replacement 
rule for the anomaly-induced entropy current, we start with the manifestly covariant differ¬ 
ential Noether charge summarized in Eqs. (2.9) and (2.10). The goal of this subsection is to 
briefly explain the evaluation of To,Ti,T 2 ,T 3 and T 4 terms in ( 2 . 10 ) on the horizon of the 
rotating charged AdS black hole solution (2.4). We consider the general anomaly polynomial 
of the form (2.11). The detail of the computation is provided in the Appendices. For AdSa 
and AdSs, it is given in Appendices E and G. For the general cases, the evaluation of T 3 and 
T 4 (for an arbitrary fixed r) is given in Appendix H, while the rest of the terms, Tq, Ti and 
T 2 on the horizon are calculated in Appendices I and J. 

Here is one remark : In the evaluation of the differential Noether charge at the horizon, 
there are two potential prescriptions depending on whether one does the variation or the 
evaluation first. In the first prescription, one first sets the radial coordinate to be r = rn and 
then does the variation with respect to the parameters of the black hole solution, while in the 
second prescription one first does the variation and set r = rn afterward. In Appendix E, 
for the rotating BTZ black holes, we have explicitly evaluated the Chern-Simons contribution 
to the differential Noether charge at the horizon by using these two prescriptions and then 
obtained the same result. Furthermore, in the case of entropy coming from the Einstein- 
Maxwell terms, we have also explicitly checked in Appendix M that both prescriptions give 
the same answer. Although the distinction has not often been discussed in the literature 
(even in the case of a covariant Lagrangian), it is not known to us if these two prescriptions 
should also yield the same answer.We take the case of BTZ black hole entropy as well as 
the Einstein-Maxwell part of the entropy as a hint that it is reasonable to expect that these 
prescriptions agree in general, and for the rest of this paper we will use the first prescription 
(due to simplihcations in the computations). 

Another important comment is that in the evaluation of the differential Noether charge 
(2.9) with To, Ti, T 2 , T 3 and T 4 in (2.10), since we evaluate the charge at a given fixed r- 
surface, the terms proportional to dr do not contribute. Therefore, throughout this paper, we 

^^Essentially, the physical difference of these two prescriptions for the evaluation at the horizon traces 
back to whether one evaluates at the horizon (before the variation) or the new horizon (after the variation). 
An argument as to why both prescriptions gives the same answer in our computations is that if we include 
the total contribution to the entropy (including all the terms appearing in the Lagrangian), then on-shell 
dr(^QNoether) = 0 becausc of d(^QNoether) = 0. Thls implies that does not depend on r and thus it 

is the same whether it is evaluated on the original or the new horizon (after the variation). 
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neglect these terms unless otherwise mentioned (i.e. ‘=’ in the evaluation of the differential 
Noether charge and Tj’s is valid up to these terms). In addition to this, we also set 6 r = 0. 


3.2.1 Terms T 3 and r 4 (from Appendix H) 

As a result of the detailed computation in Appendix H, the terms T 3 and T 4 for a general 
anomaly polynomial (2.11) at an arbitrary fixed r surface of the black hole solution (2.4) are 
given by 




ta = - 




[(5w) Au A (2cj) 


n—11 


(3.7) 


J d 


1 2 dr 

1 

h 

_ 1 


-rr *CFT 

Vfj, u — u 


4' d 
dr 


,d^ 

Q^rp 


u A {2(jj 


yn —1 


- 2^u^u A (2cj) 


n—11 


(3.8) 


where G^'^^ and are determined by the corresponding anomaly polynomial 'Pcft[FiJ^ 
via the bulk replacement rule 


G(v) = ^ tr[i?2^] ^ 

\F tr[i?2^] 


24* 


2k 


2 ^f] 


d{iT[B?]) 

By evaluating these expression for r 3 and T 4 at the horizon r = th, we obtain 


(3.9) 


m + TA)\hor = ^ ZpSu A {2u) 


n—1 


with 


4'^^ = -27r 


i d^T j 

V / I 


We note that the above result can be obtained by assuming that 2nd and higher order 
terms in the building blocks (that is, R, F etc.) do not contribute to T 3 and T 4 at the 
leading order of the derivative expansion. We can directly show that the 2nd and higher order 
terms does not generate the same or lower order contribution by using essentially the same 
argument for the Einstein source in Appendix D .6 of Ref. [27]. For the readers’ convenience, 
this argument is briefly reviewed in Appendix H.4. For more details of the computations and 
argument related to T 3 and T 4 , please refer to Appendix H. 


3.2.2 Terms Tq, Ti, T 2 at horizon (from Appendices I and J) 

In Appendix I, we have carried out the evaluation of Tq,Ti and T 2 at the horizon, by taking 
into account the zeroth and 1st order terms in the building blocks (that is, R, F etc.) only. 
The result for each term at the leading order of the derivative expansion (which turns out to 
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be of order uj^ is given by 


^01 hor — 0 ? 

nlhor = [(jy)zt. A A {2uf,y-r„/{A7rT)J^^^5uA{2ur-^ 


(3.10) 


T2\hor = Y.{J^P)lUA{2u) 


\n—l—l 


A5 


i2uny 


where we have used defined as in Eq. (2.23). As in the case of and T 4 , we can 

obtain this result by assuming that 2 nd and higher order terms in the building blocks do not 
contribute. In Appendix J, we have also taken into account the 2nd and higher order terms 
in the building blocks and confirmed that these terms do not generate any contribution to 
TojTi and T 2 at the uj^~^ order or lower. 


3.2.3 Anomaly-induced contribution to entropy 

As summarized in Appendix M, the Einstein-Maxwell part of the differential Noether charge 
gives no parity odd contribution to black hole entropy. Combined this fact with the results on 
the Chern-Simons part summarized in the above two subsections, we finally obtain the parity 
odd contribution to the black hole entropy in the leading order of the derivative expansion as 

with . (3.11) 

This indeed reproduces the GET replacement rule for the anomaly-induced entropy current. 


4 CFT current and stress tensor from differential Noether charge 


In this section, we will explicitly compute the differential Noether charge evaluated at the 
boundary (^QNoether)loo of the rotating charged AdS black hole background (2.4) in the leading 
order of the fluid/gravity derivative expansion. We recall that the differential Noether charge 
(evaluated at the boundary) splits into the Einstein-Maxwell part and the Chern-Simons part 


Noether / I 


Noether / Ein-Max I CO 


-k 


Noether ) ^ \ CO 


(4.1) 


In the following part of this section, we will briefly explain the evaluation of these two terms 
on the right hand side separately, while the details are provided in the Appendices. 

In §§4.I, we will confirm Eqs. (2.16) and (2.17) from the evaluation of the first term 
(^QNoether)Ein-MaxlcxD- We note that the Einstein-Maxwell terms of the Lagrangian are par¬ 
ity even and thus, in the evaluation of the anomaly-induced contribution (2.16) from the 
Einstein-Maxwell part at the leading order of the derivative expansion, we drop all parity 
even contributions with derivatives along the boundary coordinates in §§4.1. In §§4.2, we 
provide a summary for the evaluation of the second term in Eq. (4.1), which results in 

(^QNoether)^^loO = 0, (4.2) 
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and thus justifies the assumptions of Eq. (2.18) (which are used in Ref. [27]). Since the 
detail of the evaluation of this part involves various technical points and is lengthy, interested 
readers are kindly referred to Appendix K and L. 


4.1 Asymptotic charges I : Einstein-Max^vell contribution 


In this subsection, we compute the Einstein-Maxwell contribution to the differential Noether 
charge, Eq. (2.8), at the boundary of the rotating charged AdS black hole background (2.4). 
As in Eq. (2.8), we separate this contribution into the Komar part and the non-Komar part, 
and evaluate them separately. We recall that the Komar part (from the first line in Eq. (2.8)) 
is given by 


f-u- ^ -V 7 Adxfe) 

(^xlBin-Max = ^ -1“ (A + ■ — - 


(4.3) 


and the non-Komar part (the second line in Eq. (2.8)) is 




A 


\dx°‘ A dxh) 
I&ttGm 


-h (5A A 


(4.4) 


4.1.1 Komar charge 

Straightforward computation with the help of Eqs. (C.7) and (C.18) gives the following ex¬ 
pression for the Komar charge for the Einstein-Maxwell part on the rotating charged AdS 
black hole background (2.4) 


^d-l 


(^x)Biii-Max ~ 


IGvrG. 


+e 


2df^ 




dr 


*CFT , 1/ 



(9v\ 

IGvrG^ dr 



dx^ + ... 

rd+ij2 d ( gy 




*CFT 


dx'^ + ... 


-{K + ^A)[{d-2)qu^\ + 


9ym 


(A -h i^A) 


K 


★ CFT 


dx^ + ... . 


(4.5) 


We note that the first and third lines respectively are the parity even contribution from the 
first and second terms of (4.3) in the leading order of the derivative expansion. On the other 
hand, the second and fourth lines in Eq. (4.5) respectively are the parity odd contribution 
from the first and second terms of (4.3) in the leading order of the derivative expansion. 

Now we evaluate this Komar part at the boundary, r —>■ oo. We look at the contribution 
from the Einstein part (the first and second lines in Eq. (4.5)) and Maxwell part (the third 
and fourth lines in Eq. (4.5) separately. We first take the limit r —>■ oo of the Einstein part 

refer the readers to Ref. [27] for the definitions and details of the functions Q^^\r) and we 

use here. We note that they satisfy Eq. (4.14) at infinity. 
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after subtracting the empty AdS contribution (the second term on the left hand side in the 
following expression) ; 


^dxb) 


IQttG 


N 

m 


SttG. 


+ d u^u^) + = oo) {V^u^ + u^Vu) | dx^ , 


(4.6) 


where we have used 


rd+i d 

(5v\l 


-rd+if2 d / S-v A1 

IGttGj^ dr 

^2/ 

OO 

IGvrG^ dr \r‘^f)\ 


= — A4*'^'(r = oo) 


(4.7) 


On the other hand the Maxwell part of the Komar charge is evaluated at the boundary as 


(A + i^A) 


Q 


= -(A + igA)^ 


{d-2)q 


+ ... + (r = oo) Vfj^ + ... 


'^'^dx^ . 
(4.8) 

The two ... in the above expression denote higher derivative contribution to the parity even 
and parity odd part, respectively. 

4.1.2 Non-Komar variation 

We next proceed to the evaluation of the non-Komar part (4.4). We separately evaluate the 
Einstein part and Maxwell part (the first and the second term in (4.4), respectively). 

First, we start with the evaluation of the Einstein part. We note that, by adding 
Eqs. (C.19)-(C.22), we obtain 


A 


'’{dx°' A dxb) 
IOttGjv 

d 


1 


IGvrG^ dr 


r-'+ij/) + 


rd+if2 d [ 


..d+i ^ 


IGvrG^ dr \r‘^fj IGttGj^ dr V r 


(4.9) 


+ 


{■■■}, 


dr A 


JrCFT 


dx^^ 


We pull-back this on a radial slice, contract it with using *^^^dx'^ and 

then take r —>■ oo limit. In the end, we have the following expression : 




\-rb . A dxb) 

41 a A 


IGttG. 


= -4 




m 


IGttG, 




*CFT,v 


dx'' 


(4.10) 


As a next step we evaluate the non-Komar part of the Maxwell contribution at the 
boundary. We note that this term evaluated for the empty AdS is trivially zero. Near the 
boundary, since 4A|oo —>• dA^o + 0 (r"^'^"^)) and the gauge field fall-offs as in Eq. (B.90), we 
conclude that 

—if f 6A ■ —j —0 . (4.11) 

L V oo 

Therefore the non-Komar part of the Maxwell contribution vanishes at the boundary. 
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4.1.3 Einstein-Maxwell contribution to asymptotic charges 

Now we combine all the results above to compute the Einstein-Maxwell part of the differential 
Noether charge (2.8) at the boundary. Subtracting all the non-Komar contributions (see 
Eq. (4.10) and Eq. (4.11)) from the variation of Komar contribution in Eq. (4.6) and Eq. (4.8), 
we finally obtain 


= -i Kre + (A+i£^)oo •'?"] . (‘‘■12) 


with 


777 

T^r = +d u,u.) +... 

5 $ 5 $ 


+ ( Gu - 4> ) {V^Uy + U^Vy) + 


T / hor 


tCFT _ {d 2)7 


(4.13) 


J-(JFT _ 


i/v 


Un + ■ ■ ■ 


dG,. 


Lor 


+ ... . 


where we have used 


_^(v)(^ = 00 ) 
= 00 ) 


" [~d¥' j 

\ / r=r„ 




r=r 


H 


(4.14) 


which are shown in Eq. (5.9) of [27]. Here again the ... in the first and third (second and 
fourth) lines of Eq. (4.13) denote the higher order terms in the parity even (odd) contribution. 
The expressions in the first lines (i.e. non-V)j parts) in and above are exactly the 
perfect-fluid ones with pressure p = m/(167rG^). The anomaly-induced parts (i.e. terms 
proportional to V)i) match Eq. (2.16) exactly as claimed. 

Of course, when the Lagrangian density contains the Chern-Simons terms, there is po¬ 
tential extra contribution to the GET stress tensor and current from the Hall part to the 
differential Noether charge (^QNoether)^^ boundary. The goal of the next subsection is 

to confirm that there is no such contribution, that is, to prove Eq. (2.18). 


4.2 Asymptotic charges II : Chern-Simons contribution 

This subsection is devoted to a summary of the results in the evaluation of (^QNoether)^^ 
with the anomaly polynomial (2.11) at the boundary of the rotating charged AdS black 
hole background. The detail of the computation contains many technical points and thus is 
provided in Appendix H-L. In the following, we summarize the key results we obtained for 
the general anomaly polynomial (2.11) in AdS 2 n-i-i (n > 1). As in Appendix H, for and 
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T 4 in ( 2 . 10 ), we can obtain their exact expression valid for any fixed r in a relatively simple 
way. On the other hand, for Tg, Ti and T 2 in AdSy and higher, we compute them only at 
the horizon and boundary in Appendices I-J and K-L, respectively. As a comparison, we also 
briefly comment on the AdSs case (see Appendix G for detail). 

We again stress that, in the evaluation of Tq, Ti, T 2 , T 3 and T 4 , we neglect terms pro¬ 
portional to dr, since these terms do not contribute to at any fixed r. 

4.2.1 Terms T 3 and T 4 at boundary (from Appendix H) 

As summarized at the beginning of §§§3.2.1, the terms T 3 and T 4 for a general anomaly 
polynomial at arbitrary fixed r surface are given by (3.7) with (3.9). At the boundary r —>■ 00 , 
we note that (T 3 -|-T 4 )|oo itself vanishes for AdSy and higher. We note that, for AdSs, as can 
be seen in Appendix G, this sum is nonzero but cancels with the rest terms (Tg -|- Ti -|- T 2 )|oo- 

4.2.2 Terms Tg, Ty, T 2 at boundary (from Appendices K and L) 

At the boundary, for AdS 2 n-i-i {n > 3), all the terms Tg, Ty and T 2 at r ^ 00 vanish up to 
the leading order of the derivative expansion. Therefore, for the sum of these three terms, we 
also have 


(Tg -|- Ty -|- T 2 )|oo — 0 . (4-15) 

In Appendix K, we confirmed the above statement by taking into account zeroth and first 
order terms in the building blocks, while in Appendix L, we consider the 2nd and higher order 
terms and then proved that the statement still holds. 

We note again that for AdSs, the sum (Tg -|- Ty -|- T 2 )|oo is nonzero but cancels with 
(T 3 -|- T4)|oo as can be seen in Appendix G. 


4.2.3 Chern-Simons contribution to asymptotic charges 

By combining with the results of (Tg -|- Ty -|- T 2 )|oo and (T 3 -|- T 4 )|cxd obtained in the previous 
subsections, we finally confirm that at the boundary vanishes for AdSs and 

higher. Therefore, we have 


(^^NoetheJnloO = + (A + A) | oo dx’' , 

where 

iTnanomiCS _ Tanom,CS _ ^ 

^fl ^ • 

This verifies one of the main results we claimed in Eq. (2.18). 


(4.16) 

(4.17) 


5 Discussions and conclusions 

The first main result of this paper is that we have reproduced the GET replacement rule for 
anomaly-induced entropy current from the dual gravity side. We started with the manifestly 
covariant differential Noether charge derived in [1] and evaluated it at the horizon of the 


~ 20 


rotating charged AdS black hole solution constructed by using the fluid/gravity derivative 
expansion in [27]. In §§3.1, we also showed that the same result can be also obtained by a 
heuristic Tachikawa-like entropy formula at the horizon. As mentioned in §3, this simpler 
derivation is based on somewhat ad-hoc proposal about how to lift the bifurcation surface 
normal bundle connection Tn onto an arbitrary slice (Eqn.(3.2)). It would be interesting to 
give a direct derivation of this proposal. 

The second main result of this paper is to show that at the boundary the Chern-Simons 
part of our differential Noether charge vanishes in five dimensions and higher (while there is 
some nontrivial contribution in the case of three dimensions). This completes the holographic 
and systematic derivation of the replacement rule for the anomaly-induced contribution to 
the CFT stress tensor and current initiated in [27]. 

For future works, there are various exciting possibilities generalizing our computations. 
First of all, it will be useful (in particular, in setups embedded in string theories) to include 
covariant higher derivative terms in the Lagrangian in the presence of the Chern-Simons 
terms.Since the field theoretical results do not get corrected, we expect that the extra higher 
derivative covariant terms would correct the fluid/gravity metric in such a way that the final 
results for the anomaly-induced currents and stress tensor still agree with the replacement 
rule. It would present yet another non-trivial check of the replacement rule. 

Looking towards a different direction, we recall that for simplicity we have set the mag¬ 
netic field to be zero and the metric at the boundary to be flat in the current paper. It would 
be interesting to turn on some nontrivial profiles for them. These generalization will hopefully 
lead us to a deeper understanding of the replacement rule and, in particular, clarify the role 
of higher Pontryagin classes. In a similar vein, the various structures of products of Riemann 
curvatures that we observed (and relied heavily on in our computations) are still somewhat 
mysterious. It will be meaningful to understand what kind of physical insights or geometric 
properties of these black hole are encoded in them. Similar objects were also used in [40] in 
studying the proposal of a local entropy current related to the Wald’s construction of black 
hole entropy as a Noether charge. This enables [40] to study the validity of the second law 
(i.e. the non-negativity of the divergence of the entropy current). It will be interesting to 
relate our work to their study as well as extending the analysis of the second law to our setup. 

In light of the recent excitement in the area of holographic entanglement entropy [41-44] 
(see also [45-47]) which potentially sheds light on the emergence of geometry in the context of 
gauge/gravity dualities [48-51], a generalization to this line of investigation to include Chern- 
Simons terms is of great interest. The case of AdSs with the gravitational Chern-Simons 
term was studied in [52] whereby an interesting ribbon-like structure in the bulk encodes 
the anomaly-induced contribution to the entanglement entropy in CFT 2 with gravitational 
anomaly. It begs the question of what then generalizes this structure in the higher dimensional 
holographic entanglement entropy due to Chern-Simons terms. This may well be a concrete 

^^Alternately, one can add scalars coupling to the gauge field via non-minimal Maxwell terms. Such a system 
was considered in [38, 39]. 
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arena where we can sharply investigate how the entanglement at the boundary CFT (at least 
for the chiral degrees of freedom of the field theories) manifests itself geometrically in the 
bulk. We will report on this aspect in the near future [53]. 
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A Notation 

Regarding conventions and notations used throughout this paper, we follows our previous 
papers. Ref. [1, 27]. Here we summarize some notations that we frequently use and also 
define some new useful notation for the purpose of the current paper. 

A.l Summary of notations 

• Sometimes, for convenience or to avoid cluttering of indices, we suppress all matrix 
indices. It is always assumed that objects next to each others are multiplied as matrix 
multiplications. In particular, we think of as a matrix (V^)“fe. For example, 

{6TV^R) = , tr[Vei^] = VbCR\ ■ (A.l) 

Another important terminology we will frequently use throughout this paper is the 
phrase ‘building block’ which is defined as one of the following objects : 

A, JA, F, Gab, 6T\, R\, (A.2) 

These are the basic objects whose products (and appropriate index-contractions) form 
the basis in the evaluation of ro,ri,r 2 ,r 3 and T 4 . 
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• When carrying out the fluid/gravity derivative expansion, we need to write down some 

differential forms at a particular order in the derivative expansion. For this purpose, it 
is convenient to introduce the following notation : the m-th order terms in the derivative 
expansion of a form B is denoted as while the product of k matrix-valued 2- 

forms, (gTni), • • • and (gm^) is written as (g^ni... gm^), so that the matrix-valued 
2-forms inside the brackets are always multiplied through matrix multiplication. The 
k-th power of (gm) is denoted For example, for the field strength F, we have 

{pO) = ^'drAu (^1) = (2<ha;). (A.3) 

• In discussing products of curvature two-forms, the cases containing purely (flO)’s and 
(^l)’s are of particular significance throughout the computations of the differential 
Noether charge. Therefore we define Xm = 0,1,2, ■■■) to denote products of (flO)’s 
and (fll)’s with exact m-number of (flO)’s wedged with an arbitrary number of (^l)’s. 
For example, Xo only includes product of (fll)’s, i.e. (^1^1 ... ^1^1). Another example 
is Xi, which for example contains some of the following possibilities : 

(«0,1«1), («1«0«1), («1«1«0). (A.4) 

The classification of Xm has been carried out in Appendix B.2 of Ref. [27] and will be 
reviewed in Appendix B.l. We also note that we sometimes use Xm to simply denote 
an element in Xm- 

• We define a convenient symbol v is defined to represent a string made of 2nd or higher 
order curvature two-form (^m)’s with m>2 (for example, (^2^^5^3)). 

• We also define to denote all possible structures (including those consist of zeroth 

and first order building blocks only) that can contribute to (i?'^) at order. For 
example, the non-trivial possible structures in {'R-^ 2 )) 

(«1«0^1), («1«1«0), («0^2^0). (A.5) 

A complete classification of for 0<p<g-|-lis given in Appendix B.2.2. 

A.2 Orientation convention in holography 

Let Le the e-tensor of the spacetime in which the field theory CFT^ lives. Then, 

there are two possible conventions for the orientation of the dual AdS(i_|_i. 

Let r be the radial coordinate such that r —)• oo is the conformal boundary of the dual 
AdSrf+i. It is usual in gravity to fix the orientation such that opposite sign 

as compared to Lor example, if [txyz] formed a right-handed coordinate basis in 

CFT^ then, in this convention [trxyz] forms a right-handed coordinate basis in AdS^+i. 

We use here the opposite convention whereby Las the same sign as 

which is more natural from the viewpoint of pullback. Our expressions can easily be adopted 
to the reverse bulk orientation (we will keep the CFT orientation unchanged) by replacing * 
with —* and Eahcd... with —Eahcd...- Note that we keep unchanged. In the new convention, 
the relation between the barred and the unbarred forms becomes V = *V. 
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B Useful relations I 


This Appendix collects some results needed for the computations in this paper. 


B.l Results from our previous paper 

Here we summarize some results from Ref. [27] which are valid for any r. 


B.1.1 0th and 1st order terms 
Bulk metric and gauge field 

The bulk metric Gab (in the coordinate = {r,x^}) and its inverse for the rotating charged 
AdS black hole in d + 1 dimensions (d = 2n with a positive integer n) is given up to the first 
order of the derivative expansion as 


Grr — 0 , Gr/j, — ) G ^1/ — ‘mi {r'ju^Ui/ + r , 

G^^ = 2T(r), , G^"^ = , (B.l) 

while the gauge field Aa up to this order is 


A = Aadx°‘ = . 


(B.2) 


Here /(r), 'l'(r) and that we will use later) are dehned as 


f{r,m,q) 
$(r, q) 

T(r, m, q) 




ml q^ 

^ ^ + 2^9^2{d-i) ’ 

q 


d-2 
2 . 


r.2 r 


-pf = — 
2 2 


m 1 


2 V2G-1) 


1 


^_ 

2 dr 2 r^“^ 


md - Kq{d - 1 )-^ 


(B.3) 

(B.4) 

(B.5) 

(B. 6 ) 


The horizon of the black hole is located at rj{ satisfying f(rH,'m,q) = 0. The parameters 
m and q are related to the mass and electric charge of the black hole solution and Kg is a 
normalized Maxwell coupling constant defined as 16ttGn = Kq{d — l)/(d —2) where Gn 
and are the Newton constant and Maxwell coupling constant, respectively. 

For the boundary fields, the boundary metric < 7 ^ 1 / is set to be flat, i.e. < 7 ^ 1 / = 77 ^ 1 / through¬ 
out this paper. The fluid velocity field (normalized as v? = = —1) is chosen so 

that it corresponds to a pure rotation configuration, which implies = 0 and = 0. 

The vorticity field is dehned as = {d^Uy — dyU^)l2 while the projection operator 
P^y = g^y + Ufj_Uy satisHos P^'^Uy = 0 and Pfi^Ppy = P^y. We also frequently use the velocity 
one-form and vorticity two form dehned by u = Updx^ and u = {l/2)du = {l/2)ujpydx^ Adx", 
respectively. 
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ChristofFel connection 

The components of the Christoffel connection for the bulk metric Gab are given by 


= 0, = 2T [^'upU, - rPp,] , T^,, = [rP% + , 

T^^p, = [upu,^' - rPp,] - 2r-2(2T - r^)u^,Upf , (B.7) 

or in terms of the connection 1-form F^f, = V^bcdx^^, by 

rV = ^'u , r% = Up^'dr + 2T {^'upu - rPp^dx'^) , F^^ = dx^ , 

F^p = {rP^p + w^p) dr + [tt^UpT' + r“^(2'I' — r^) cj^p] u 

—ru^Ppiydx'^ + (2'!' — r^) ttp oj^^dx'^ . (B.8) 

For Va^^, since we are considering with = 0 and dri°' = 0, we obtain (at any fixed r) 

V.r = Vre = [r-^P^0 + Vp^ = 2'h {^'upUp - rPp^) , 

Vpr = 5pr + v" [upUp^' - rPpp) - 2r-2(2T - r^)u(pU:p^'^. (B.9) 

P(l) field strength 

By using the notation in Appendix A, the zeroth and first order terms of the field strength 
F are given by 

(^0) = <i>'dr A u, (^l) = (2$cj). (B.IO) 

Curvature two-form 

The curvature 2-form, defined from the Riemann tensor R^hcd as W'b = {^/‘2')R°'bcddx'^ Adx'^, 
at zeroth order is given by 

(pO)^r = '^"dr A u , 

(pO)^r = r~^^'dx^ A u , 

(r^Tp — r’^'Ppydx'^ Adr — 2^'^"upU A dr , (B.ll) 

(pO)^p = —r~^dr {x^t) u^UpU Adr P r~^'^'updx^ A dr 

—r^TU^Ppudx’^ Au + 2r“^Tdx^ A [T'upU — rPpjydx^"] , 

while the first order terms are 

(pl)V = (2$TC^), 

A {^T<X^udx’^) , (B.12) 

(pl)"’p = dr A {^TXipydx'') + 2T [up(2$T^) + uA {^T^pydx'')] , 

(pl)^p = —2r~‘^^T^^p u Adr + r~‘^ Up dr A dx'^) 

+u^ [up{2^T<^) + uA {^T x)pu dx")] . 
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Products of curvature two-form 

Let us now consider wedge products of (jjO)’s and (jjl)’s. We first consider the products of 
two curvature two-forms: When two (^O)’s are multiplied, we have 

(kO«O) = 0. (B.13) 

Therefore, the products of two or more (^O)’s vanish identically. For the products of one (^0) 
and one (^ 1 ), there are following two possibilities : 

(^0^1)'’ r = r~^dr{r^T)dr huh , 

(^0^1)^r = r~^(^Tdx^ huh , 

(^0^1)% = 0, (B.14) 

(^0^1)^ p = —^'rpU^Updr huh — r~^^T Up dx^ h dr h {2 ^t^) 

—2r~^^Tdr huh dx^ A {^T^pu dx'^) , 

and 

(^1^0)^ r = r~^dr{r^T)dr huh (2$^^), 

(^1^0)^ = 0, (B.15) 

(^1^0)^ p = -r^Tdr A {Ppy dx'^) A {2^t^) + 2r'^^T{Ppv dx'^) huh (2<I>tcj) , 

(^1^0)^ p = 2r~^^T{Ppu dx'') hu hdr h {^T^^adx^) + r^TU^Ppu dx^ huh (2<f>ru;) 

+r~^dr{r^T)u^UpU h dr h {2^t^) ■ (B.16) 

Finally, the following is the products of two (jjl)’s : 

r = {2^TU^f , 

= -r~‘^u h {^Tix^iydx’^) h {2 ^ti^) , 

(^1^1)’’p = dr h {^TUJpudx’') A (2<hrcj), (B.17) 

= —U^Up{2^T^)‘^ — ‘^X~‘^^UpU h {^Tix^udx'') h {2 ^t^) 

—r~‘^Updr A uJ^u dx^) A (2<l>'rcj) — u^u A (d>r copi, dx'^) A (2d>rcj). 

Next we consider the products of three curvature two-forms. As a result of (^0^0) = 0, 
the following products trivially vanish : 

(«0h 0«0) = UO^O^l) = UlpO^O) = 0. (B.18) 

Therefore, there is only one nontrivial case with two (pO)’s in the product : 

(fi0«l«0)% = (^o^i^orp = (^o^i^of, = o, 

(^O^l^O)^ p = 2 dr hu h dx^ A {Pp^dx") A {2^t'^) ■ (B.19) 
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For the products with only one (^ 0 ), there three possibilities depending on where (^ 0 ) is 
located. The first case is 


r = r ^drir^T)dr AuA , 

r = r“^$T dx^ AuA , 

p = 2'I'r“^5r. (r^r) Updr AuA , (B.20) 

(^O^l^l)^ p = <f>y u^Up dr Au A {2 ^t^)'^ + r~^^T'Updx^ A dr A (2<h'r^)^ 
+2r~^'i/^TUpdx^ AuA (2$^^)^ • 

The second case is 

(fllfiOfll)'’ r = ^rdr AuA (2$r^)2 , 

(pl«0plf, = 0, 

(fllflOfll)'' P = 2T$'rUp dr AuA (2$t^)^ , (B.21) 

(r^rOr^Tp = •^Tu'^Updr AuAi2^T^^f , 

and the final case is 

(^l^lpO)^ r = r~^dr{r‘^T)dr AuA (2$ti^)^ , 

(«l«l«0rr- = 0, (B.22) 

(^IplpO)'’ p = 2"^r~^dr{r^T)up dr Au A (2$^^)^ + r ^rPpudx’^ A dr A {2 ^t^)‘^ , 
(pl^l^O)^ p = r~^dr{r^T)u^‘Updr AuA {2 ^t<^)'^ + r^xu^u A Ppudx'^ A {2 ^t<^)‘^ j 
We also have the case with no (pO)’s in the product : 

= (2<&TC^)^ 

= -r~'^u A{^T^^udx^) A{2 ^t^)‘^ , (B.23) 

(pl^lpl)% = 2Tup(2^>TCj)^ + 2Tu A (^'TWp^dx^) A (2 ^>tcj)2 
+dr A ($T UJpy dx^) A {2 ^t<^)‘^ , 

(^lpl^l)^p = r~^Updr A {^TUi^udx’') A {2^Ti^f 

— 2r~‘^dr AuA dx’^) A {^x^J^pv dx^) A (2$t<^) 

+u^Up{2^x^)^ + u^u A {^x ^pu dx'^) A {2^x^)‘^ ■ 

We sometimes find it useful to reduce products of (^l)’s using 
drAuA(^lpl^l)“b = drAuA(pl)“bA(2^>Tt^)2 , (^l^l^l^l) = (2 ^'tu;) 2A(pl^l) . (B.24) 

Classification of the products of the curvature two-forms 

As we have shown in Appendix B.2 of Ref. [27], the building block of the wedge product of 
i?’s made of (^0) and (^1) only reduces to the following possibilities : 

{(pO), (pO^l), (^IpO), (pOpl^l), UlplpO), (pl^Opl), (pl^O^lpl), (plpl^Opl)}, 
{(pOpl^O)}, (B.25) 


Ao 

Ai 

A2 
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Here by ‘reduce’ we mean the products of four or more i?’s (with (^0) and (^1) only) are 
zero or written as the one of the above elements wedged by an appropriate power of 
In particular, wedge products containing three or more (flO)’s (with the rest of R’s equal to 
(^l)’s) are zero, i.e. Xm = 0 for m > 3. For more detail, we refer the readers to Appendix B.2 
of Ref. [27]. Another useful notation for later purpose is Xi, which is dehned as all elements 
in xi excluding (^0). 


Trace of the products of the curvature two-form 

Finally, the traces of the wedge products of (jjO)’s and (^l)’s are rather simple : 


tr 

(k 0 « 



tr 



2^>^dr A u A (2^>Tca)2^+i , 

2 ( 2 ^> ra ;) 2*’+2 , 


for k >0. 


(B.26) 


B.1.2 2nd order terms 

Here we summarize some results at the second order of the fluid/gravity derivative expansion 
which are useful for the purpose of this paper. 

In Ref. [27], the rotating charged AdS black hole solutions in (d + 1) dimensions is con¬ 
structed up to the second order in the fluid/gravity derivative expansion (assuming stationary 
fluid configurations). It is given by 


= —2u^dx^dr — f{r, m, q) u^Uy dx^dx’^ + P^ydx^dx’' 
dx^dx" + g{r, m, q) ujai 3 U}°‘^ u^Uy dx^dx’^ 


+h{r, m, q) 
A = ^>(r, q) 


d-1 


dx^dx'^ , 


1 


1 - 


Ufj,dx>^, 


where g{r, m, q) and h{r, m, q) are given by 


g{r,m,q) 
h{r, m, q) 


+ 


m 
2rd 

d 


2 r‘^{d-i) 


1 - 


I 


r‘2q2 


I 


(d- l)(d- 2 ) 

(^d _ I 


Jr/r„ C^‘^+V(C rjj,m,q) 


dC. 


(B.27) 


(B.28) 

(B.29) 


For the 1/(1) held strength, the 2nd order contribution is calculated from the solution as 


{p2) (X dr A u X oj°‘^u]ai3 ■ 


(B.30) 


Furthermore, from Appendix B.l of Ref. [27], the second order curvature 2-form has two 
types of non-trivial contributions. The one coming from the second order metric and the one 
coming purely from the zeroth order metric (and its derivatives). To distinguish from the 
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whole 2nd order curvature 2-form (^2), we denote the latter contribution by (^2'). They are 
given by 


(«2'rr- = 0, 

{^2'Yr = — {uj^yOj''adx^) f\dr — r~^ (2'!' — Y) ^dx'^) A u , 

(«2'rp = o, 

(j^2'Yp = r~‘^dyOJ^pdx'^ /\ dr (B.31) 

-|-r“^(2T — r^) [d^uj^pdx'^ Au + 2uj^pU — {up^dx'^) A {u^^dx’^)] 

—r~^ (2'!' — r^) {upUJ^a^^vdx^) A dr — r~^ (2'!' — {upOJ^^dx'^) A u . 

B.2 Structures of {R^) at arbitrary r 

In this Appendix, we study the general structures of {RY at any fixed r. All equalities are 
evaluated at a fixed r and terms proportional to dr are ignored. 

B.2.1 Some relations 

First it is useful to recall from Eq. (B.9) (which is valid at any r) that 

((0)V,r) = 

{^’upu, - rPpY) C, (B.32) 

where = 2'!' and = u°‘ and we have used that in our setup dr^°‘ = 0 and Y = 0- We 
also have 

(Wv^r) (B.33) 

On the other hand, 

= T'u , = r-^P>^^dx’' , = G“’'(T'npU - rPp^dxY , (B.34) 

where we have ignored dr terms. Thus, for the variation of the Christoffel connection, we 
have 

+ T'((5u), = r-\u^^6u + udu^^) , 

(0)5r“p = {SC^Yi^'upU - rPp^dxY + G“’' [{5^')upu + (T' - r){up5u + udup)] . 

(B.35) 

We note that 

^^hv^pPYdx'' A u = 0 , oc G^Ydu) A u . (B.36) 

Furthermore, we recall that 

(p0p2)% = (p0p2)^ = (p2p0r. = (p2^0)^ = 0, 

(p0p2)% oc (p2p0)^p oc u A {P>"udxY A {Pp^dx"^). (B.37) 
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Moreover, at constant r we have the following relations : 


A (^2)^’' =uA = 0 . 


(B.38) 


Using the above identities, we can show that 


({0)5r%)((0)VeC')(«0«2)'=, = (W5r%)(WVcC')(«2^0)'=. = o, 

((0)5r%)(^0)^(Wv,a(^2)'', = (®<5r^)(^2)^(WVrfr)(^0)‘', = 0. (B.39) 


B.2.2 Contributions to (R^) up to order 

Consider a product of R of the form {R^) at constant r (i.e. dr = 0). We will classify all 
the structures appearing at order and The reason why ui^~^ is the lowest 

non-trivial order is because X 2 oc dr. 

Before we start the classifications, we remind the readers of the possible structures in 
a single product of curvature two-forms denoted as Case A, B, C,D or E (as we did in the 
Einstein sources in Appendix D.6 of Ref. [27]) : 


Case A : 


.vx'i’) 

Case B : 

(n x« X • • 

• ^x), 

Case C : 

(xi^x«- 

• x^^x) 

Case D : 

(^) , 


Case E : 

(x) • 



(B.40) 


We remind the readers of the definition of Xm (see Eq. (B.25)) which denotes a product of 
(i?)’s consisting of m number of (flO)’s with the remaining (i?)’s being (^l)’s. The symbol v 
is defined to represent a string made of 2nd or higher order terms (^m) with m >2. Now, let 
us start analyzing Case A to Case E one by one. We further note that whenever we encounter 
two Xi’s somewhere in the wedge product, the only non-zero cases are 


(Xi ••• Ai) = {(fl0...^0), (xi...^0), (^O...xi)}, (B.41) 

where we define Xi to be the Xi containing more than one i?’s, i.e. 

Xi = {(«0^l"-i); (B.42) 

We note that since (^l^O^l) oc dr (see Eq. (B.21)), the above are the only two possibilities 
in xi- Eurthermore, it is useful to know that Xi Einally, another helpful fact is that 

{r'^Xi) a-nd (xi^2) reduce to (^2^0) and (^0^2) respectively. 


Case A : 

Since each v is at least of order and all x’s need to be either xo or xi, the product is 
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in total of order or higher. At w^"’“^-th order, the only nontrivial case is when all v's 
are (jj2)’s and all x’s are Xi’s, i.e. [R^) = (^2Xi ^2 Xi... ^2%! ^2). However, because of 
(^2xi) oc («2^0) oc u and (a:i^2 ) oc (^0^2) oc u, we have 

(Xi h2 ... XI h 2) = U2 XI... XI «2) = U2 XI... «2 Xi) = 0 . (B.43) 

Thus, we conclude that case A only has one non-trivial structure 

0(a;"+i): (i?^) = (^2^0^2). (B.44) 

Case B : 

For case B, the lowest order starts at co^ for which all v's are (jj2)’s and all x’s are Xi’s, i-e. 
(i?") = (^2xi«2 xi...«2 xi ) or (xijj2xifl2xi • • • ^2). As in the arguments in Case A, this 
type of the product is non-zero only when (R^) = (^2xi) or {R’^) = (xih2 ). 

For the order contributions, there is a few possible structures listed below : 


(h3Ai), (Xifl3), 


(fl2Xo), («2^2xi), (X0fl2), (xifl2^2). 


where we have used Eq. (B.43) and 


(B.45) 


(A1k2xi) = (x1k2xo) = (A0h2xi) = (^2x1 • • • ^ruxi) = (Xifl2 ... ^mxi) = 0 , (B.46) 


for any m > 0. Thus, in summary we have 


O{co’‘) : 


= {(k 2 « 0 ), (« 0 ^ 2 )}, 

(i?^) = {(^3xi), (x1k3), (^2xo), («2^2^0), 

(Xo«2), («0«2^2)}. 


(B.47) 


Case C : 

For case C, the lowest order starts at order u!^~^ for which all v^s are (fl2)’s and all x’s are 
Xi’s, i.e. (i?*?) = (Xifl2xifl2xi ■ ■ ■ fl2xi). However, this product is zero since (x1h2xi) = 0- 
The order terms consist of 

(«0«3^0), (B.48) 

where we have used Eq. (B.41), Eq. (B.43), Eq. (B.46) and 


= {r(^r1^Xi) = 0 , 


(B.49) 


for all m > 0. 

Similarly, the order terms are 


’ (A0ij3xi)) (Xii{3xo)) 

(AOfl2xo), (A0fl2^2xi), (xifl2^2xo), (B.50) 


- 31 - 




where we have used Eq. (B.43) and Eq. (B.46). To summarize, we have 


0{uj^) : (i?^) = {U0,3,0)} 

0(n;"+i): (i?^) = {(^0^4^0), (xo«3xi), (Xi«3xo), 

(XOr^Xo), (XOfl2^2^0), (^0^2^2xo)}- (B.51) 


Case D : 

We note that in this case, each v is at least of order and hence the total order is at 
least Eor k > 1, this means that it could only contribute to order for k = 1 (i.e. 
(i?^) = R) where v = {j^2). Thus we conclude that Case D contains only one structure 

C>(w^+^) : (i^^) = (^2). (B.52) 

Case E : 

Eor case E, we can have the following two structures 

0(L,‘-‘): (Ji'=) = (x.) = {(,0), Xl], 

0(w’‘): (R'‘) = {xa), (B^ 53 ) 


At this point, we would like to summarize the results from the above analysis. Before 
doing so, we first introduce a useful symbol 

(B.54) 

to denote all possible structures (including those consist of zeroth and first order building 
blocks only) that can contribute to at order. Thus, the summary of the results from 
above could be stated as : 

('^(,)) = {(Xo), («2^0), (^0^2), («0^3^0)} , 

('^?,+i)) = {(« 2 ), (« 2 ^ 0 ^ 2 ), 

(fl3xi), (x:ifl3), 

(k2xo), (h2^2^0), («0^2^2), (xoh2) , 

(k0«4^0) , 

(X0fl3xi), (xifl3xo), 

(XOfl2xo), (X0fl2^2^0), (^0^2^2xo)}- (B.55) 

We remind the readers that in the Einstein sonrce computations in Appendix D.6 of Ref. [27], 
it was proved that 2nd and higher order terms in R do not contribute to (4?^) up to order 
jg 2nd and higher order terms in R do not appear in Eurthermore, 

np to all contributions (including zeroth and first order building blocks) to R^^ vanish. 


- 32 ~ 




B.2.3 Structures of tr[V^i?^^ and tr[(5ri?^^ 

Let us consider the traces tr[V^i?^*^“^] and tr[(5ri?^^“^] at constant r (i.e. dr = 0). We will 
classify the various structures appearing up to order 
First, due to X 2 oc dr and 

tr[((0)5r)(^0^l2"-2)] =tr[(W5r)(^l2^^0)] =0, 
tr[(WvO(«0^l2"-2)] = tr[(W V0(«l'^0)] = 0 , (B.56) 

(for A; > 1), the lowest-order contributions to these traces are 

0(a;2^-i): tT[{6T)R^>^-^] = { tr[((o)5r)(7^g-_\))] , tr[(W5r)(xi) }, 

tr[(V0i?'''-'] = { tr[((0)VO(7^“-\))], tr[(WvO(Xi)] } • (B.57) 

Once one substitutes the possible structures of (7?-^2^i)) from Eq. (B.55), using Eq. (L.15) 
and 

tr[(WvO(«0^2)] = tr[(W Ve)(«2^0)] = 0 , (B.58) 

one hnds that 

: tr[(5r)i?2^-i] = {tr[(W5r)(xo)], tr[((i)5r)(xi)]} , 

tr[(V0i?'"-'] = {tr[((°Ve)(xo], tr[(«V0(Xi)]}. (B.59) 

Thus, we conclude that tr[V.^-R^^“^] and tr[jri?^*^“^] start at order and that second 

or higher order building blocks do not contribute to tr[V.^-R^*^“^] and tr[(5ri?^^“^] at order 


B.3 Behavior at horizon 

In this part, we summarize various quantities evaluated at the horizon and some relation valid 
at horizon. In the rest of this Appendix, we assume that all equalities are evaluated at the 
horizon and ignore terms proportional to dr. 


B.3.1 0th and 1st order terms 

In particular, the metric at the horizon and its inverse simplify as 




= 0 , 
= 0 , 


Grfj, — Ufj^ , 


G — rj^P^y , 


The gauge field and the connection 1-form at the 0th and 1st orders are evaluated at the 
horizon as 


A = , 

T% = {27rT)u , r% = 0 , = r]j^ {ruP^u + dx'^ , 

r^p = [u^tip(27rr) — cj^p] u — rnu^Ppudx^ — UpOJ^ydx^ , (B.60) 
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while its variation is 

= 5{^m), 

= 6[{2TrT)u], = 0, 

{rffU^Su + rnSu^u) — rJ^{5rH){P^udx ''), (B.61) 

= [{up5u^ + u^5up){2ttT) + u^Up5{27:T)] u + u^Up{27rT)5u 
— drnu^Ppudx^ — rudu^Ppudx'^ — rnu^dupU — rnu^UpSu , 
for the 0th order part and 

W<5A = 0, 

= 0, 

= rj^ {dco^udx’^) — 2r]f{SrH){co^udx’^) , 

= —uj^pSu — SupUj^^udx'^ — Upduj^ydx'^ — Sio^pU , (B.62) 

for the 1st order part. 

As for the covariant derivative of at the horizon, we have at the lowest order of 
derivative expansion ; 

= ^u>^dp , V.D = -27r , = 0 , = -27rupu'^. 

(B.63) 

We note that there is no 1st order term in the above equation and higher order terms of the 
derivative expansion start with the 2nd order. Therefore, we will drop the ‘(0)’ superscript 
on in the discussions in this subsection. 

Let us consider the products of F’s or i?’s evaluated at the horizon. Since (^0) oc dr Au, 
we have that 

(^fc) ^ ^ (2;UCJ)^ (B.64) 

For the product of R s, all products containing more than one (^0) vanish or are proportional 
to dr, i.e. Xm = 0 or proportional to dr for m > 2. We next consider the products of the 
curvature 2-form containing only one (^0), i. e. Xi terms. At the horizon, nontrivial 
components of this kind of the products are (for /c > 0) 

= (r^'(27^^))dx^A«A(2(27^^)cu)^ 

{^l\0rp = (-l)('^+iVH(27rr)(2(27rr)a;)'= A A u . (B.65) 

We also note that the existence of more than one Xi a- given term implies that such term 
vanishes, since all the nonzero elements in xi are proportional to u at horizon. 

For the products with (^l)’s only, i.e. Xo terms, we have 

= (2(27rr)a;r, 

= (...) Aw^^dx^ Au, 

(«n% = o, 

(^1”^) = (-l)”^+i(2(27rr)^)™u^Up + (...) Au^cUp^dx^Aw. 


(B.66) 



The explicit form of (.. .)’s appearing in the above expressions are not need for our calculation. 


The following relations on traces are also useful 

tr[jrV.^] = —{27:) [25{27:Tu) — rnSu + Ufj_5uj^,ydx'^] , (B.67) 

tT[V(R] = -(dvr) X (27rr)(2u;), (B.68) 

tr[(5r/?] = vhu a {2{27tT)5u) + {25{27:Tu) — rnSu) A (2(27rT)a;), (B.69) 

tr[VCUl2")] = 0, (B.70) 

tr[VC(«l^^+^)] = -(27r) X 2{2{27:T)u)^^+^ , (B.71) 

tr[((°)5r)(^l2^+i)] = {25{27:Tu) - mSu) A {2{27:T)u)‘^'^+^ (B.72) 

tr[(W,5r)(^O^l2^-2)] = tr[(W,5r)(^l2\0)] =0, (B.73) 

tr[(W VC)U0^l2"-2)] = tr[(WvO(«l'^0)] = 0 . (B.74) 

Here we stress that only 0th and 1st order terms are considered for R, (5r and V^, while all 


terms proportional to dr have been dropped. Furthermore, at the horizon, we can prove the 


following relations : 

= 0 , u^u^5V^p = 6{27rTu) — rndu + Up{5ijj^ydx ^), 

npUl™)^ = 0, = {-l)'^u^{2{2^T)u) , 

{^^hv^p)uPujp^dx'' A w = 0 , (B.75) 

6v^,{xi)\{v,e) = = (v,r)(«l^o)^ = (v,r)(«i^o)^ = 0, 

(Vbr)(«1^0)%(W,5rT'5) (X u^Ps.dx'' A u , (B.76) 

and in particular it follows that 

tr[(VC)xi] = tr[(VC)xi(°).5r] = (Vfer)(«1^0)^W,5r=,(Xo)"a = 0. (B.77) 

Another useful identity is 

(5r)^rf(Xi)‘'a(Vbn = 0. (B.78) 

For computing the Chern-Simons contribution to the entropy using Tachikawa-like for¬ 

mula, we also need 

tr[(V0r] = -(47r)(27rT)ii. (B.79) 

B.3.2 2nd and higher order terms 


Now we summarize some useful relations relevant to 2nd and higher order terms evaluated at 
the horizon. First, since (^2) oc dr, we do not need to deal with it. For product of curvature 
two-forms, one of the most important relations for our our purpose is tr[^2xi] = 0 which is 
valid for any r. Moreover, the non-zero components of (^0^2) and (^2^0) are 

(^0^2)^p , (^2^0)% oc w A {P^adx^^) A {Pp^dx ''), (B.80) 
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which lead to 


(X0flOfl2) - (x:oh 2^0) - (^0^2x0) - (h2^0xo) - 0, 


(B.81) 


and 

tr[((0)5r)(^O^2)] = tr[(W(ir)(^2^0)] = 0 . (B.82) 

Furthermore, in {^2xi) and (xi^2), the only non-zero objects are (for A: > 0) 

(«2«0«l'^), («2^l\0)~(^2^0), («1^0«2), (^0«1^2)~(^0^2), (B.83) 

leading to 

(X0fl2xi) = ixiR^Xo) = 0. (B.84) 

We note that the non-zero possibilities in [^2xi) and (xi^2) are reducible to (^2^0) and 
(^0^2) (wedged by an appropriate power of (2$ra;)). 

The following relations are also useful : 

((0)Vfer)(^0«2)^ = (^0«2)%(Wv,e') = ((°)Vfee“)(H2«0)^ = (^2^0)%(WVee') = 0, 

u A {P^udx’^) A {j^2)^pU^ = 0 . (B.85) 

B.4 Asymptotic fall-offs at boundary 

We summarize the asymptotic behavior of some quantities at r = 00. We note here again 
that here we ignore terms proportional to dr. 


B.4.1 0th and 1st order terms 

In this subsection, all building blocks are considered up to first order and in particular we 
drop their superscript that we usually use to denote their derivative orders. For <I>, $7’ and 
T, we have 


^Ic 


rd-2 ■ 


rd—2 


4'| 




m 


2rd-2 

6m 


+ 0 


1 


2rd-2 


+ 0 


j.2{d-2) 

1 


p2{d-2) 


‘I’tIc 


md 

(M^ I 
2rd-i 


1 


.2d-3 ; ’ 


1 


,2d-3 


(B.86) 


For from (B.9) we have 

V.rioo = + 0{r -<^+^), V.eioo = + 0{r -‘^), (B.87) 

V;.r|oo = + 0{r -^+^), loo = + 0{r -<^+^), 


and the gauge field and the connection one-form are 
A|oo = r-'^+2(gu), 

r^'rloo = ru + , r^ploo = -r^rip^dx'' + 0(r“'^+^), 

BMoo = + r-^uf^^.dx ’^, r%|oo = -ru>^7]p^,dx’^ + ©(r-'^+^j. (B.88) 
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Now assuming 6r = 0, we have the variation of the gauge field and the connection one-form 
as follows: 

5A|oo = r~'^^‘^6{qu), 

ST\\^ = r{6u) + = 0{r -^+^), (B.89) 

(irMoo = r-\u>^5u + 5u>^u) + r-^{6u:^^^)dx'', 

<5r^p|oo = -r{Su>^)Vpudx'' + 0{r-‘^+^). 

For the 0th and 1st order terms in the field strength and curvature two-form, from the explicit 
form of these terms, we have (note that (^^0) oc dr A it) 

(i.l)|oo = r"'^+2g(2a;), 

(hO)Moo = 0 , (pO)Moo = A It + C)(r-'^), 

{rOYp\^ = 0 , (flO)'"p|oo = -r‘^dx^ A {rjpydx'^) + C>(r"'^+^), (B.90) 

(,l)Moo = ©(r-'^+i), (^l)Moo = 0{r-<^-Y , 

(,1)%U = 0(r-'^+^), («l)%|oo = 0(r-'^+i). (B.91) 

B.4.2 Fall-off of 2nd order term at boundary from direct computations 

For the field strength, since (^2) oc dr, we do not need to take this into account when we 
evaluate the fall-off behaviors of Ti and T 2 in Appendix. I. 

For the the second order terms in the curvature two-form (^2), we can find their fall-off 
behaviors from the explicit metric (up to second order) in Eq. (B.27). The contributions to 
{r2) purely from the zeroth order metric can be found in Eq. (B.31) and hence we can just 
take the r —)• 00 limit to see the falloffs 

(,2)Mg(3, = (p2)%|g(„, = 0, (,2)Mg(3, = 0{r -^-^), {,2Yp\g,,, = ©(r"'^). (B.92) 

Here, for a general 2nd order building block (^2) (or, made of the metric (and its 

derivatives), we introduced the notation (^ 2 ) 10 '^^^ (or, (^)jB|G'(o)) to denote the contribution 
containing the zeroth order metrics only. The remaining part (which contains a second order 
metric) is defined as (e 2 )|G( 2 ) = (b^) - (b2)|G(o) (or in general ^^^K|G( 2 ) = “ ^^^®|G(o))- 

On the other hand, the rest of the contribution to the second order curvature two-form 
(in which there is a second order metric and the derivatives inside of the definition of the 
curvature two-form are all dr) at the boundary is evaluated as follows: We recall the definition 
of the curvature 2-form (i?)“b = dT°'i, + V°‘c^^^b- The second order metric can not contribute 
to (^2)“fe through the dT°’i, term (at order cj^) since (i[(^^^r)“fe|G( 2 )] is proportional to dr or of 
order ui^. Therefore, we only need to compute the 2nd order metric contribution to the term 
(r“c A T'^b); which is given by 

(2)(r% A r^fe)|G( 2 ) = (^"^r“e)|G( 2 ) a (^r^^fe) + (Wr“e) a . (B. 93 ) 

simplify the notation, we often neglect the subscript ‘oo’, even when a given quantity is evaluated at 
the boundary. 
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Now, from the explicit second order metric, we deduce the fall-offs of the connection one-form 
from the second order metric : 


=o(r-i), 

= 0(r-3), = Oir). (B.94) 

Combining above and the fall-offs of from Eq. (B.88), we obtain that 

(2)(rAr)MG(,) = (2)(rAr)MG(,) = (2)(rAr)MG(,) = o{r^) , (2)(rAr)MG(,) = o{r^) , 

(B.95) 

and thus 

(,2)Mgb, = (H2)MG,a = (,2 )Mgp, = 0(r»), (,2 )VIg„| = 0(r") ■ (B^96) 

Therefore, combining the contributions from G(o) and ^( 2 ), we find 

U2)% = (,2r, = (,2A = 0(r»), (,2)% = 0(A, (B.97) 

at infinity. In particular, this indicates that (^2) under the rough estimates is 

(«2)~r2. (B.98) 

We note that in the above derivations, we rely heavily on the explicit form of the second 
order metric solutions. In general, due to Weyl covariance of the CFT 2 n and its extension 
to the bulk, the fall-off in Eq. (B.98) can be derived without making use of any information 
about the explicit second order metric solutions. The proof of Eq. (B.98) using Weyl scaling 
is presented in Appendix L.4. Therefore, the estimate in Eq. (B.98) is in fact valid in more 
general setups. 

B.5 Explicit structures in AdSs 

In Appendix G, we need to deal with traces of products of dF^fe, and R. Here we 

summarize some useful results for the computations of these traces. We note that we will 
ignore all order io'^ and higher order building blocks in this Appendix. 

Let us first consider a product of dF^f, and R. We have the following results related to 
this : 


<IF%(,0)% 

sr\{^iYr 

<^r%(,i)% 


5F^(^0)% = 5FV(«0)^ = 0, 


—2r ^uA 


((5T)(2<h'ruj) -h 




('k'du -h ud'k') A (2<hj’Cj), 
—2r~^{6u)'i/ A (24>j’Cj), 
-2r“^((5T)u A (2<hT'<^), 

[(T'5u -|- uS'^') — rSu^ A (2<hj'u;). 


(2<I>5"(Ia;) , 


(B.99) 
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For a product of and R, we have 


Vrr(Hor, = v,e^(^o)v = o, 

V^r(«0rr = -2'I/d/'^Aw, 


^.einOTp = d^e 


—r^TU^Vppdx^ A It + 2r ^ 


^^'updx^ A u 


2^dx^ A Ppudx’^ 


+2'It'h'^ A It + r ^(2'!' — \j-^rp + 2'!'] u A dx^' 

+2r“^(2'I' — r‘^)ui3^dqi(^2u) , 

V,rUl)^ = d^'(n;3e^)(2$Ta;), 

= r-\2^)u A ($Te%.dx"), 

(^l)^ = r-i(2^)tt A (d>T^%,dx"), 

V^e"(^l)% = ^'(n;3?^)(2cl>ra;), (B.lOO) 


For a product of (^F^b and Vc^'^, we obtain 


+ ^f’du] + 0{uj) , 

6 T\Vre = [-{25'if){P0udxn + (2vl/)(r-ivl/' - l)(<5n^)tt] + 0(w), 

dV^rVpC = -‘ 2 ^f [{du 0 )u + r-^^'u05u] + 0 {uj ), 

dV^^pVp^P = + (^' - r)5u] + r^'{iHu 0 )u + 0{uj). (B.lOl) 


C Useful relations II 

This Appendix summarizes some useful relations that are relevant to the computation of the 
the Einstein-Maxwell part of asymptotic charges and entropy. 

C.l Gauge field, metric and Hodge duals 

Here we explicitly compute the Hodge-duals of some quantities on the rotating charged AdS 
black hole backgronnd (2.4). The results summarized here will be useful for the evaluation 
of the differential Noether charges. 

For convenience, we start with a summary of the bulk metric and gauge field for the 
rotating charged AdS black hole solution (2.4) : 

Gfi- — 0 , Gfp — Up , 

Gpu = T fupUii + r Ppu T ... T (jy [upVi/ + -)-... , 

G^^ = r^f + ..., = + , (C.l) 

G^^^ = u^ + ... + + ... 

A = Aoo + ^(r, q) Up dx^^ + ... + (r, m, q)Vp dx^ + ... , 
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where we have retained only the leading order contributions to the parity even and parity 
odd part in the derivative expansion. The gauge field strength is given by 


F = dr A 




'Uu +•••+ 


da. 




dx^ + ... , 


(C.2) 


It is useful to summarize the Hodge-duals of the following zero forms and one forms : 
*1 = \/^ dr A = r'^-^dr A + ... , 

*dr = dr A 


^ j.d+1 j *CFT 


1 + r 


d-l 




dr A 


^dxf^ + 


(C.3) 


Gf^’^ri^x dr A *^^^dx^ 

= - r^-^Pi; dr A ^^^^dx"^ + ... , 


where we have dropped again the sub-leading contributions in the fluid/gravity derivative 
expansion. Here we also summarize the formulae for Hodge-duals of 2-forms : 


‘^{dr A dx^) = [G^rQ^,u _ *^^^dx^ 

+ G™G^^r?A„r ?^/3 dr A A dx° 


= r 


^d-l 


fP{^ - K + + %K) I 


+ r' 


d-3 


ux + ^Vx 


(C.4) 


2 ' J.2 

P^ dr A*°^^{dx^ Adx^) + ... 


and 


^{dx^ A dx'') = x/^ QrrQuX _ Qt^XQur *CFT^^a 

+ G^^^G’'%xaVa^ dr A *^^'^{dx^ A dx° 


= r 


d-3 


[(“" + %vnpx - («- + ^F-)p; 

+ P^P^ dr A A dx^) + ... . 

From this expression, we can obtain 

*{dx'’ A dxr) = -r^-^ (uf, + ^Vi)j + dr A (...) + ... 

*{dx^ A dx^) = r'^+V dri' *‘^^^dx'' + dr A {...) + ... , 

*(dx^ A dxr) = -r'^-^Pj} *^^^dx^ + dr A (...) + ... , 

*(dx^ A dx^) = r'^-^ (uf^ + duX *°^^dx^ + dr A (...) + ... . 

By using this, we can also compute the Hodge-dual of the gauge field strength two-form as 


9v 




(C.5) 


(C.6) 


= 


dr 




_|_ .^d 3^V ^ ^2cj' 

dr 


n—1 


dr 


P... 


r 2 J 


*CFT 


dx^ 


(C.7) 


(d- 2 )gn^ + ...+£ o(v) + ,,, ^^^^dx^ + dr A (...). 
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The definition and detail of the function is provided in Ref. [27]. 

For the evaluation of the differential Noether charges at the horizon, it is useful to ex¬ 
plicitly write down the Hodge-duals of the two-forms evaluated at the horizon 

*{dx^ A dXr)\hor = -I- . . . , 

{dx A dx^)\hQr = ... , fC 8l 

A dXr)\hor = + . . . , 

*{dx^ A dxi,)\hor = -h ... . 

which also lead to 

(^dx A dX'p^\}ior — (dx A dx^)|/io7- — • • • ; 

A dxr)\hor = A -u) + ... , (C.9) 

i^*{dx^ A dxiy)\hor = {dx^ Au) + ... . 

Here we have used ^^\hor = u^/T- 

Another useful identity about Hodge duals is the following ; Let N be a p-form with legs 
only along the boundary direction and is completely transverse to the velocity u^. Then, it 
satisfies 

C.2 Christoffel symbols 

In the course of the computation of the differential Noether charge, we will also frequently 
encounter the evaluation of the Christoffel symbols on the rotating charged AdS black hole 
background. Here we summarize the explicit form of the Christoffel symbols with all the 
indices lowered on this background : 


Y'rrr — ^rrfi — ^rfir — ^firr — ^fiuX — 0 -|- . . . , 
r^i/r — ^rfiv — ~^drG , 


(C.ll) 


where we have retained only the leading order contributions in the fluid/gravity derivative 
expansion. This leads to 

= r^rr = 0 -^ . . . , 


- lr^± I + 




2 dr 

1 

—1 
2 


2 dr \r‘^ 


,d(r2/) 




= -P,': + + ... , 


(C.12) 


T^^ux = 


r ' 2r‘^ dr 

1 djr^f) 

2 dr 
1 dg 


(u>^ + u,ux - r P,x 


2 dr 


KRa + uaR.] + ... . 
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In particular, at the horizon, the Christoffel symbols simplify to 

■pr I _ -pfi I _ pr I _ n -U 

rr \ hor — rr\ hor — fiu \ hor — u . , 


1 


rfi 




hor — (2vrT')u^ 


= + 


i^rlhor — ' H ^ u ' 

L 


dgy 

dr 

dgr 


Vu + 


hor 


dr 


Vf^uy + 


(C.13) 


hor 


'['^uxlhor = {2TrT)u^UyUx - rnu^PuX - - 


dgy 

dr 


[UuVx + UxVu] + ... . 


hor 


where we have used (l/2)r|^/'(rj:f) = ^Tirn) = (2vrT). We can also write down the connec¬ 
tion one-form = V^^dx^ at the horizon by using this result : 


r’’rUor = {2ttT)u - - 


r^rUor 

TWhor 


= r-^pf^dx'^ + 


dgy 

dr 

1 

^ L 


F + 


hor 

dgy 

dr 


Vf^u + ... 


hor 


(C.14) 


^"filhor = {2 ttT)u''u^u - rHU''Pf,xdx^ - 


1 


dgy 

dr 


'P' iPijV + + + • • • • 


hor 


C.3 ve 

Let us consider a vector along the boundary directions which is only dependent on the 
boundary coordinates. Then, we have 

1 2 d fgy- 


v.r = e 

■f d{r^f) 
2 dr 

II 

KKt 

> 

-Ph \ _ 

+2 

= r 

'1 2fd{r 

[r f— 

< 

II 

> 

■irf(rV) 

2 dr 


^ 2 dr ^r"^ 

1 dgy 


1 

-V>^Uu + .. 


■ (“" + fir-) - r (u- + S^V) 

■u‘' [Uf,Vx + uxVfj] + ... . 


(C.15) 


_ y^A^gy 

2^ dr 

We note that at the horizon, each components of simplifies to 

^rC \hor — 27r , 

'dgy' 


'^rC^lhor = -T 

V.rkop = ... , 


-1 1 


2r^ I 

L 


dr 


V>^ + ... , 


hor 


(C. 16 ) 


= -2'n:u'"u^ + -T 


-1 


dgy 

dr 


u"K +. 


hor 


where we have used ^^\hor = /T. 
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C.4 Some useful relations for Einstein-Maxwell charges 

In the end of this Appendix, we summarize some results useful for the evaluation of the 
Einstein-Maxwell part of the differential Noether charge on rotating charged AdS black hole 
back ground. 

The first useful result is related to Contracting these with the 2-forms in Eq. (C.6), 

we obtain^^ 


Varidx^ A dXb) 


+e 


2df, 


d+i d f g. 


*CFT > 1/ 


dr V r 




dx'^ + ... 
^ (^) 


(C.18) 


*CFT , u 


dx’' + ... . 


Another set of results useful in the computation of the non-Komar part of the Einstein- 
Maxwell differential Noether charge is 


6T\ A *{dx^ A dxr) 
l^a-id{r‘^df) 




dr 


- r 

2 


d-l 


>_d /^\ 
dr Kr"^ J 


+ 


9v djr^f) 

r2 




★ CFT-i 


(C.19) 


6T^^r ^*{dx^ ^dx^,) = 0 + ... 


(C.20) 


and 


5T\^*{dx^^ ^dxr) 


K dr dr ) 

drA*°^'^dx^, 


dV'f, A *{dx^ A dxu) 


= s -r 




- r 

2 


dr dx^ . 


'^2± f^\ ^ 9v djr^f) 
dr \ r'^ J dr 




*CFT 


1 


VaC*’*(d®“ A dxh) 


(C.21) 


(C.22) 


This answer can also be derived by directly evaluating 
A dxb) 

di = eOrG^.^dr A dx'^) = rr''~\drGxf.) [fP^ - K + + ^V,)\ dx'^. 


(C.17) 
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D Tachikawa formula in terms of Pontryagin classes 


The aim of this Appendix is to rewrite Tachikawa entropy formula in terms of Pontryagin 
classes of the curvature. This gives a useful expression for the entropy formula, since the 
Pontryagin classes evaluated on our solution often take a simpler form as compared to traces 
of the wedge products of the curvature two-form. For mathematical details of the Pontryagin 
classes, please refer to [54, 55]. 

We start with the Tachikawa entropy formula (the second term of (1.4)) written in terms 
of the trace of the wedge products of the curvature two-form. The goal of this Appendix is 
to rewrite this in terms of Pontryagin classes (R) which are defined through 

OO 

= (D.l) 

A:=0 


det 


1 + 


tR 


where t can be thought of formally as a (—2) form. It follows that p^{R) is a 4A: form. The 
first few Pontryagin classes are given by 


Po(-R) = l> PiiR) = - 


tiR^ 
2(27r)2 ’ 


P2iR) = - 


1 


-1 

4^ 

/ tri^2 y 

2(27r)4 

V2(2vr)2; _ 


PaiR) = - 


1 trR 


i6 


1 tri?^ tri?^ 1 f tri?2 
A -b - 


3 2(27r)6 2 2(27r)2 2(27r)4 6 V2(2vr)2 


(D.2) 


These can be inverted to obtain 
tri?2 


2(27r)2 

tiR^ 


= -PiiR), 


tiR^ 


2(27r)4 ' ^1' 


= -2P2(-R) +P?(-R)> 


(D.3) 


2(2vr; 


6 = -^Pai^) + 3Pi(i?)P2(^) -Pi(-R) • 


In order to rewrite the Tachikawa entropy formula in terms of the Pontryagin classes, we 
will need to use the following property of the Pontryagin classes : 

.2kdp,{R) 


Pj-kiR) 2k{27rY 
which follows by differentiating Eq.(D.l) with respect to tri?^^ : 


d 


d tiR?^ 


det 


tR 

1 + ^ 


j.2k 


2k{2TT) 


2k 


det 


tR 


(D.4) 


(D.5) 


Using Eq.(D.4), we can then use the chain rule to rewrite the Tachikawa entropy formula as 


5*Tachikawa — 


p -p, OO CO 

X/If EE 


' W k=l j=k 

^ OO j 

N 


Rn\‘^^ ^ dVcFT 


27r 


d p. (i^) 


2 ff EE 


'Bif 


Rn\^^ ^ dVcFT 


(D.6) 


d p (i^) ’ 
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The sum above can be simplified by using 


^2 


lk=l 


Rn 

2tt 


2k-2 


= p.^{R + Rne) 


Bif 


Bif 


(D.7) 


or in terms of the defining polynomial of the Pontryagin classes 
det 


^ tR 
1 + — 

det ^ 

1 - 

tR^e 

= det 

^ t{R-\-RN£) 

[ 27rJ 



2tt \ 


[ 2f \ 


This in turn follows from the matrix identity 


^ tRN£ 

^ t{R + RN£) 

[ 2f \ 

[ 27r J 


tR 


(D.8) 


(D.9) 


where we have used £{R + Rne) = —£^Rn + £^Rn = 0 on the bifurcation surface. Thus, 
using Eq. (D.7) in Eq. (D.6), we finally obtain 


C _ ^'^CFT 

“JTachikawa — / ^ ^ ^ Pj—i \R ~b Rn^)~ 


'B^f 27r 


d (R) ’ 

which is the Tachikawa entropy formula written in terms of the Pontryagin classes. 


(D.IO) 


E Example I : Chern-Simons terms on BTZ black hole 

Here we consider U{1) and gravitational Chern-Simons terms in three dimensions and evaluate 
(^^Noetw) H on the BTZ black hole background. We can obtain the metric, Christoffel symbol 
and by setting d = 2, Kg = 0 and g = 0 in Eqs. (B.1)-(B.6), (B.7) and (B.9). We also note 
that gv = 0 for the BTZ black hole since the presence of the Chern-Simons terms does not 
correct the solution. We note that for the covariant part of the Lagrangian, we only consider 
the Einstein term without the Maxwell part. 

In the following, we start with the Hall contribution to the differential Noether charge 
for an arbitrary fixed r surface of the BTZ black hole solution. We then evaluate it at the 
boundary and the horizon to obtain the CFT stress tensor, current and entropy. At the 
horizon, there are two possible prescriptions for the evaluation of the differential Noether 
charge. One way is to first do the variation with respect to the parameters of the BTZ black 
hole solution and then set the radial coordinate ioher = rn, while the another way is to first 
set r = th and then do the variation. We will comment more on this point in the middle of 
this Appendix and confirm that we can obtain the same result from these two prescriptions. 
At the end of this Appendix, we also compare our result with Ref. [31]. 

E.l Differential Noether charge 

The anomaly polynomial for the three-dimensional Chern-Simons terms is given by 

VcFT = Cgtr[i?^] -h . (E.l) 
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For later use, we define s = sign(cA). 

We note that the BTZ black hole is locally AdSs everywhere and thus the Riemann tensor 
is given by R°‘bcd = and then the spin Hall current in this case becomes = 

—4Cg (1/2!) By using this, the Hall contribution to the differential Noether 

charge is written as 

(^QNoetw)/^ = + 2c^(SG,b) edx^ + 2c^(5A) • (A + i^A) . (E.2) 

Let us now explicitly evaluate this (^QNoether)^^ the BTZ black hole solution. The 
Christoffel symbols in (C.12) simplify by using two facts ; in d = 2, Kg = 0 and hence 
(l/2)(d(r^/)/dr) = r. Further, we have <7^ = 0 since the BTZ black hole solution does not 
get corrected in the presence of the Chern-Simons terms. Using these, we have 

= r'^'q^v + mu^u„ , 

and^^ 


A = Aoo + q{u - sV) , 

Vrr = F^rr = 0 , = TU^ , (E.3) 

^lu = -r^fViiu , = -ru>^quX ■ 

We also note that Eq. (C.15) simplifies to 

= ^re = -pi^i\ 

r 

. (E.4) 

Using the above results and neglecting the terms proportional to dr, we obtain the fol¬ 
lowing expression for the differential Noether charge (^QNoether)^^ a fixed r slice : 

(^QNoBther)j^ = [‘2Cgm {u^Vy + V^Uy) - sc^q^{uy - sVy){u^ - ^ 

- 5 [2sc^{quy - sidVy){A + igAoo)] . 

Here we have used the relation = vAV^ — V'^u^ which follows from the fact that the two 
orthogonal vectors and = e^'^Uy form a complete basis. We have also used the fact 
that in d = 2, qya = V/Ua — UyUa and thus 

{Uy SVy^iVjQ^ 'SVq) - qyOL T 2UyUQ, si^ZlyVa 4“ U/ZXq.) . (E.6 ) 

For later use, here we provide another useful result related to : 

d{uy 'SV/)(uq '^Vq.) — s{V^ Sxiq^iqiy sVy'ji^Ua '^Lq) — {^Uy sVy^di^Ua ^Lq.), (E.7) 

We note that for a U{1) gauge field in AdS 3 /CFT 2 , the boundary conditions depend on the sign of c^. 
See section. 3.1 of [56]. 
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where we have used the fact that any change in is orthogonal (and thus parallel to u^) 
since = 1, and we also have 5u^ oc from a similar argument. Then, from Eqs. (E.6) 

and (E.7), we obtain 

s\^i;^{Uf^ -sVq) — —6 [T]i/a T ‘2Vyi/V>a . (E.8) 

E.2 Asymptotic charge 

Now we evaluate the the Hall contribution to the differential Noether charge (^QNoether)j^ 
at the boundary. By using Eqs. (E.5) and (E.8), we have the following expression at the 
boundary r —)• oo : 


^ = -5 • (A + icA)oc ] , (E.9) 

with 

j^FT.CS ^ 2u^,Uu\ - {2Cg{2TTTf + {u^Vy + V^Uy) , 

jCFT.cs ^ 2sc^^uy - 2c^^Vy . (E.IO) 

On the other hand, the Einstein contribution from Eq. (4.13) to the stress tensor and 

current in this case reduces to 

= (2vrr2) X ^(r?M. + 2^^^.), = 0 . (E.ll) 

Combining the Einstein and Chern-Simons contributions, we can write the total GET 
stress tensor and current as 


rpCFT 
^ fiiy 

J?, 


_ ^CFT, perfect fluid i ^CFT,anom 

^ flU ' ^ flU 


_ tCFT, perfect fluid 

~ ^1/ 


+ j: 


CFT,anom 

U 


(E.12) 


where the perfect fluid part with the pressure p = (27rT^)(3/24G^) + sc^p? is given by 

^CFT, perfect fluid ^ ^ ^U^Uy) , = ^Uy , 

while the anomaly-induced contribution to the stress tensor and current are 


(E.13) 


-^CFT,anom 

fll/ 




Uy -h U. 


hor 


dGy dGy 

- -4) 


(94> 




(E).14) 


hor 


J, 


CFT,i 


= - 4 > 


dGy 


(E.15) 


hor 


Here = GA)V)^ with G^) = x 24>|, -|- c^4>^. This agrees with the result coming from 
the replacement rule. 

Eor more details on the construction of the commutator relations and the central exten¬ 
sions such that the charges generate a 17(1) Kac-Moody-Virasoro algebra, see [56]. 
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E.3 Entropy 


In this part, we compute the differential Noether charge at the horizon to obtain the entropy 
current. We will carry out this computation by using two different prescriptions which end 
up with the same final result. We will also comment on the consistency with the original 
computation on the Chern-Simons contribution to the black hole entropy by Ref. [31]. 


E.3.1 Entropy: prescription I 

As a next step, we evaluate the differential Noether charge at the horizon of the BTZ black 
hole. Here we carry out the variation (with 6r = 0) first and then set r = rn- By expanding 
out the variation as 

= 2cJ5m)r [u,V, + 

+ [uu{8V^) + {5Vy)u^] 

+ 2c^mr [{8u,)V^ + V,{6u^)] 

+ 2c^(A + i^A)8{^Uy)dx'^. 


Then by setting r = (where ^^\hor = Ch = /T and (A + i^A)\hor = 0) we obtain 
h....jH\kor = -2c^{27rf{2i5T)V, + T [2{6V,) - P;5V,] } 

“) 


= <5 


^jCFT.ancmy 


(E.17) 


where the Hall contribution to the entropy current 

(^cFT.ano.)^ = (27r)= -A [2c^i2TTTfV,] . (E.18) 

In the above derivation, we have used the fact that any change in is orthogonal and 
thus parallel to since = 1. In particular it follows that P^5Vy = 0. This result for 

the entropy current agrees with the CFT replacement rule. 


E.3.2 Entropy: prescription II 

In the previous section, the computation of (^QNoether)j^ carried out by first taking the 
variation and then set r = rn oi all quantities. Her we consider the second prescription in 
which we first set r = th va. the expression (E.5) and then carry out the variation. Then 
(^^Noetw) H at the horizon is evaluated as 


,)H\hor = -2(27r)^Cg [25{Tu) - T5u] + 2{2Trf c^T{6u) 


= 6 




CFT,anom 




★ CFT 


dx^ 


which agrees with the result from prescription I in Eq. (E.17). 


(E.19) 
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E.3.3 Comparision with Ref. [31] 

We now compare our covariant computation with the prescription provided in Ref. [31]. 
According to Ref. [31], for the gravitational Chern-Simons term in three dimensions, one can 
write down a non-covariant Komar charge which is twice of what would be expected by the 
usual Wald formula : 


(\Tachikawa 

\^x)h 


+ m{r]^u + u^Uy)] , 


(E.20) 


where in the last line we have evaluated the Komar charge in our coordinates. Taking r = 
with = u^^/T, this gives the same result as our covariant computation : 


f \Tachikawa| _ / TCFT,anom'\ i^CFT i U 

\^x)h \hor — s j a 


(E.21) 


F Example II : Abelian Chern-Simons terms 

For the Abelian Chern-Simons term in (2n + 1) dimensions, the anomaly polynomial is given 
by 

Vcft = c^F^+\ (F.l) 

where is a constant. Here we consider the case with n > 2. The Hall contribution to the 
differential Noether charge ((^QNoether)^^ ™ ^bis case (see [57]) comes only from the first term 
of To in Eqs. (2.9) and (2.10) : 

(^^NoetheJn = c^(n + l)n (A + i^A) 5A A . (F.2) 

The evaluation of (^QNoether)^^^ ^be background (2.4) goes as follows at the leading 
order of the derivative expansion. At any fixed r, the leading order contribution to is 

(^ 1 "’“^) = (2<ha;)”“^ since (^ 0 ) oc dr Au. The leading order contribution to (^QNoether)i^ 
therefore is 


(^QuoetheJH = cjn + l)n (A + 5(4>tx) A (24.^;)"-' , (F.3) 

which is of order We note that the 2nd and higher order terms in A and F etc. do not 

contribute to this order or lower, since this type of contribution is always accompanied by at 
least one (^ 0 ). 

Now we evaluate in particular at the horizon (r = rn) and at the boundary 

(r —>■ oo). At the horizon, we substitute ^°'\hcrr = ^hor^ Mhm- = ^hor (see Eq. (2.19)) and 
<l>(r = rn) = /r into (F.3), while, at the boundary r -A oo, we use the fall-off behaviors 
^“|oo -A 0{r^) and 4>|oo -A (see Eq. (2.13)). Then we finally have 

(^QNoether)^^kor = 0, {^Qh\oO ^ O . (F.4) 
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Therefore the Hall contribution to the differential Noether charge (^QNoether)^^ vanishes both 
at the horizon and boundary. In terms of the currents defined in Eqs. (2.15) and (2.21) , this 
result is rewritten as 




= Jn 


= 4- = o. 


(F.5) 


We note that this is consistent with holographic renormalisation type computation in [58, 59]. 


G Example III: Hall contribution in AdSs 


Before discussing the general anomaly polynomials in general odd dimensional AdS, it is 
instructive to explain some detail computation of the Hall contribution to the differential 
Noether charge (^QNoether)j^ AdSs with the anomaly polynomial 

VcFT = c^FAtr[R^]. (G.l) 

In this Appendix, we analyze this example in detail. 

We note that, for the anomaly polynomial given in Eq. G.l, each term in the expression 
Eqs. (2.9) and (2.10) in this case is given by 


To 

Ti 

T 2 


n 


T4 


+ i^A) A tr[(5rii], 
2c^FAtr[V^<5r], 
2c^{5A) MT[ViR], 


--SGabi^Hr'^HCdxc) 


+ (S//)"^] *{dXb A dXe)} , 


(G.2) 


where the spin Hall current is given by {’EnY^a^dxc = —Acj^F A R^a or in components 

(y,uY^ — —r f:Cpip2P3P4 z? pfe 

) a — ^PlP2^ a.p3P4 ■ 

Before starting the computations of each term above, we massage the expression of T 3 
and T 4 into the following forms for later use: 

Ts = (*°^^^), T 4 = , (G.3) 


where ^ = rj^^^^dx'^ and 


{yuTdr = (s,,)“/ 3^(2T) + (SH)“^n^ , 


(G.4) 


(T4)u = 




r^C^'^-'^'rj.pdxn ^ (ff ))^ + {TDp . (G.5) 


(fe)^ 


To derive this, we have used = 0 and the identities *dxr = r^(*°^^l) and = 

*cft(^ A^) valid for any boundary form C as well as the anti-symmetric property of the spin 
Hall current, (Sh)“^^ = -(Sh)“^^ 
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When we evaluate the leading order contribution to (^QNoether)^^> treatment of 2nd 
and higher order building blocks is trivial in AdSs case, since we are concerned about con¬ 
tributions up to order . Thus, in the computation of To,Ti,r 2 ,T 3 and T 4 , we do not need 
to take into account 2nd and higher order building blocks. In the rest of this Appendix, we 
therefore deal with 0th and 1st order terms in the building blocks only. We will confirm soon 
that the leading order contributions to AdSs indeed start with uj^. 

Now we compute each term in (G.2) from the gravity side one by one to evaluate the 
differential Noether charge at the horizon and boundary. 

G.l Term Tq 

For the evaluation of the term Tq one can compute tr[(iri?] by using Eq. (B.99) and in the 
end we have the following expression valid at any fixed r : 

Tq = 2 c^(A + $e%) X 

—2r“^ + (‘hr — r + '^'){5u) A + 2(<5<l>r)w A ( 2 <I> 7 ’Cj) . 

(G. 6 ) 

Let us next evaluate this expression at the horizon and boundary. By substituting 
e\hor = thor = ^\hor = A/ior as in Eq. (2.19) at the horizon and the fall-off be¬ 

haviors of the parameters and fields at infinity summarized in Eqs. (2.13) and (B. 86 ), we can 
evaluate Tq there as 

roUor- = 0, (G.7) 

Therefore we conclude that Tq vanishes both at the horizon and boundary up to order. 
G.2 Term Ti 

As in the case of the Abelian Chern-Simons terms, we can replace F in Ti by (^1) = ( 2 $a;) 
since (^0) oc dr A u. By directly computing the rest part of Ti by using Eq. (B.lOl), we 
obtain the leading order contribution to this term as follows : 

Ti = 2c^{2^u) X 

^^-{25^){fP^^dx‘') + [(2T)(r-iT' - 1) +r$r] {(^dufi)u + 

-|- 2 r“^(T' — r)4>{^^Uis)6u + -|- 4 r“^<l' 7 ’(^^u^)(( 5 'l')u 

-l- 2 <k'r(^'^rt^) ((5<l>'r)ii-|-[— r2^x] . (G. 8 ) 

It is of order uj^. 

By substituting ^f^\hor = = U^/T, h\hor = A/jor as in Eq. (2.19) at the horizon and 

the fall-off behaviors of the parameters and fields at infinity summarized in Eqs. (2.13) and 
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(B.86), we can evaluate Ti there as 


Tl I hor — ^ 


Here (Jp'^)i=i is defined from the entropy current 


u] A (2 a^) - (^) (jy’),., |(iu) A (2f,u,)j , Til, 




= -2tt 


y d^T J 


= — 27r X CJ^^ X 4 X (27rT) x fj., 


(G.9) 


(G.IO) 


hor 


through the expansion in (2.23) as = —27r x CJ^^ x 4 x (27rT). 

The above result (G.9) will be naturally generalized to higher dimensions, as summarized 
in §§ 4.2 (for the detail of the computation, see Appendices H-J). 


G.3 Term T 2 

By using Eq. (B.lOO) we can compute T 2 at the leading order of the derivative expansion as 

T 2 = 2c^6{^u) —r^TU^Vp/sdx^ Au + 2'I'(r“^'I'' — l)updx^ Au — 2'1'dx^ A rjpydx^ 

+ [2T (2r“^T — 1 + 3r“^<l)r) — u A 

+ [2T (2r"2T - 1 ) + 2^'^t] {upf) A (2cj)| . (G.ll) 


We note that this leading order contribution is of order oj^. 

The second term T 2 at the horizon and the boundary is then calculated as follows. By 
substituting i°'\hor = ihor^ ^\hor = dVhor as in Eq. (2.19) at the horizon and using the fall-off 
behaviors Eqs. (2.13) and (B.86) at the boundary, we have 


T 2 \hor = 

T 2 I 00 


—2cj^{2tt)5{2^u) A {2{2ttT)u) = {J^^)iu A6{2^. 
-2Cjv^(d^) A 6 {uq) = -2c^$ A d{2uq ), 


u) 


(G.12) 

(G.13) 


where in the second equality for the evaluation at the horizon, we have used 

g{r){6u) A = g{r)u A {6 uj) A u;™ -|- d {...)-!-(.. ■)dr , (G.14) 


for any function g{r) of r and a integer m > 0. We also note that we have dropped the terms 
proportional to dr as well as the total derivative terms d{...) in the above expression since 
they do not contribute the Noether charge after the integration. 


G.4 Term 

The term T 3 depends on the spin Hall current, but we note that, from the expression of (G.3) 
and (G.4), we only need to know the specific components of the spin Hall current to 
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evaluate T^. When only zeroth and first order terms in the building blocks are considered, 
there are three types of terms in up to order : 

(Eg*)“‘o = . (G.15) 

From this expression, we can have = 0 up to order, since {'^h)' and contains 

(j,,0) oc dr A It which leads to (TinY^^c = = 0 and (^0)^'’ in (S^^) is proportional to 

dr. As a result, we can simplify the expression of T 3 in (G.3) as 

^3 = . (G.16) 

In the following, we first evaluate the contribution to the components from 

these three terms, {TiuY^^c: and {yY'^Y^cj separately. After this, we then combine 

them to obtain the term T 3 at the leading order. 

• Prom Y^h)' 

We notice that only non-zero components of (^0) A (^0)^ are ( 6 , c) = (/ 3 , 7 ) which are 
proportional to dr AuAdx^ AP.yiydx’^. It then follows that the only non-zero components 
of are oc which thus vanishes after contracting with 

vA, i.e. {'SnY^^-yU^ = 0. By substituting this into (G.4), we see that = 0 

and thus {Tih)' term does not contribute to T 3 . 

• Prom (E^^) 

In this case, using (^,,0) oc dr A u and oc u, we obtain = 0 and 

(E^V^r = 0. Therefore, we have = -4:C^r-^{dr<^>){r<!>T)V^°uf^^ . 

• Prom (E^^) 

We first notice that {yY'^Y^t = 0 which follows from the fact that (^0)^^ is proportional 
to dx^ and (^1) oc u. Then the components is computed as = 

—4:Cj^r~^^dr{r^T){V^°‘u^"^). 


From the above calculations, non-trivial components of the spin Hall current relevant to 
the evaluation of r 3 at the leading order are only and this can be computed by 

summing the contribution from (E^^) and (E^^) terms as 


(E^)Mh 


Y_d_ 

r^ 


r - 

d^T 




(G.17) 


where = CJ^^‘h(2<h|.). Then, by using A it A (2 uj)] = we obtain 

the following expression for T 3 for arbitrary fixed r at the leading order of the derivative 
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expansion: 


Ts 


— (2^-r^) — 
2 r ^ dr 


T - 

B^'j' 


[(5w) A u A (2cj)] . 


(G.18) 


Now we evaluate at the horizon and boundary. At the horizon, by substituting = 

^\hor = ^hor as in Eq. (2.19) while at the boundary by choosing as in Eq. (2.13) and 
using Eq. (B. 86 ), we finally obtain 

(dw)A( 2 ^), Tsloo^of^]. (G.19) 

hor 

G.5 Term r 4 

To evaluate the term T 4 at the leading order of the derivative expansion, we first evaluate 
(T^^^)^ and defined in (G.5) separately and then combine them. In the evaluation of 

these two contributions, we use some results on {Tjh)', (^h^) and (S^^) that we obtained in 
the middle of the computation of T 3 . 


Tslhor = — 


rn 

2T 


d dG^^^ 
d^T dr d^T 


• Term 

By using the fact = 0 up to order and the expression of (S^)*-"^^^ in (G.17) 

we obtained in the evaluation of T 3 , the term is computed as 





''~d^ 


(G.20) 


where = Cj^^{2^\). 

• Term 

As we have shown (Sj|/)"'“^ = = 0, in the middle of the evaluation of T 3 , the 

non-trivial contribution to comes only from (S^^)^“^ which is computed as 


(Sg’)™;. = - 2'I!u,V'-] 

where G^'^' = Cj^^<h(2<l)y) and = Cj^^. Here we have used the identity 

Then, by noticing = u A (2cj), we finally have the expression for 




+ 8r"^^'El(^) 


(G.21) 


(G.22) 
as follows : 


(ri'^)^ = ^ - 2^Uf,u A (2cj)] 


d^T 




(G.23) 
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Putting the results for and together, we obtain T 4 at the leading order of the 
derivative expansion valid at arbitrary fixed r as follows : 



’sgG)' 

} 2 dr 



Tr *CFT ^ d 




u A (2a;) 


- 2^u^u A (2cj)] \ , 


(G.24) 


where = Cj^^$( 2 <l>|,) and = c^4>. 

Let us then evaluate the leading order term of T 4 at the horizon and boundary, by 
substituting Eq. (2.19) at the horizon and by using the fall-off behaviors given in Eqs. (2.13) 
and (B. 86 ) at the boundary respectively : 


d 

T^lhor = 


9G(^) 


{6u) A {2u), T/^loo ^ 2cj^^ A 6{2Ljq). (G.25) 


- hor 


Here we have also used {V^Ui,dx'^ — UfjVydx'^) = rj^^dx'^ A (2cj) . 


G.6 (^QNoether)j^ horizoii and boundary 

Let us in the end summarize the above computation of Tq, Ti, T 2 , and r 4 to evaluate 
(^QNoether)^^ both ut the horizon and boundary. 

Eor the anomaly polynomial 'Pc ft = Cj^F A tr[i?^] in AdSs, we find that (Tq -|- Ti + T 2 ) 
at the horizon and boundary respectively takes the following form : 

(To + Ti + T2)kor = 5 {(jA) [u a (2a;)]} - (^) (J^) [(^t^) A (2a;)] , 

(To + Ti -|- r2)]oo = A 5(2a;g'), (G.26) 


where in the computation at the horizon, we have used Eq. (G.14) and neglected the terms 
proportional to dr as well as the total derivative term. On the other hand, the terms T 3 and 
T 4 at arbitrary r are given in (G.18) and (G.24) with G^'^' = 4)(2<l)y) and $. In 

particular, the sum of these two terms (T 3 + r 4 ) at the horizon and boundary is respectively 
evaluated as 

(Ts + T,)\Hor = (^) (jA) a (2u;)] , 

(Ts + r 4 )loo = 2c^^ A 8{2uq) , (G.27) 

with = — (27r) X 2^ X x {2 fT) x ^ . 

Gombining all the contributions, we finally have the expression for (^QNoether)^^ 
horizon and the boundary as follows : 

= s [{Jr^n,] ^^""dx>^ , (G.28) 

(^<5Noetw)H|oo = -<5 + (A + igA)loo, (G.29) 
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where the anomaly-induced currents are given by 

/ynanom,CS ranom, CS r» / ranom,CS\ '[Z 


(G.30) 


with = —(2'k) X 2^ X X {2'kT) x /r. This result verifies Eqs. (2.18) and (2.24) for the 
anomaly polynomial Vcft = A tr[i?^] in AdSs. 


H Replacement rule for T3 and T4 


As in Eq. (2.9), we divide (^Q^oether )h into To, Ti, T 2 , and r 4 . In particular, the terms 
and T 4 , 


T 3 = 
74 = 


-^r5{[(S/f)a'’" + (Sj,)V + (E 


cb 
H) a 


\dxb A dxc)| , 


(H.l) 

(H.2) 


are related to the spin Hall current a^dx^ = —2{d'PcFT/dR°'h) and are relatively easy 

to deal with. The final expression for T 3 and T 4 at a fixed arbitrary r is simple. Moreover, 
by using essentially the same argument as we used for the Einstein source in Appendix D .6 
Ref. [27], one can prove the statement that the 2nd and higher order building blocks do not 
contribute to T 3 and r 4 at the leading order of the derivative expansion. 

In the following, we will first begin with the general single trace case Rcft = F^ A 
tr[^ 2 fc] then move on to the purely gravitational multi-trace case Fcft = tr[i?^^i] A 

tr[^ 2 fc 2 j /\ ,,, /\ tr[i?^^p]. Finally, we will consider the most general anomaly polynomial of 
the form VcFT = F’- A tr[i?^*^i] A tr[i?^^ 2 ] a ... A tr[i?^^p]. 

In the first part of this Appendix, we will only consider the zeroth and first order building 
blocks. At the end, we briefly explain why the 2nd and higher order terms do not contribute 
to T 3 and r 4 at the leading order based on the argument for the Einstein source in Appendix 
D .6 of Ref. [27]. We stress that the computation here is valid for any fixed r. In some places, 
we will specifically evaluate them at infinity r —>■ 00 and at the horizon r = rn to explicitly 
display the expressions of and T 4 . 

Before computing T 3 and T 4 for a specific Vcft, similar to the case in AdSs (see around 
Eq. (G.3)), we massage the expression of T 3 and r 4 into the following forms for later use : 


r3 = -1(5 g„;5)(Sh)“^v‘'-i , r4 = , (h.3) 


where 


(.TYf. 


(Sj,)“^,(2T) + (Sj,)“V^ 


(H.4) 

X ^ + (Tf )^ . (H.5) 


To derive (H.3) and (H.4), we have used = 0 and the identities 


*dXr = A $), 


(H. 6 ) 
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for any boundary form C as well as the anti-symmetric property of the spin Hall current, 


H.l Vcft = c^F^ 

Let us consider the general single-trace anomaly polynomial "Pc ft = Cm -F’^Atr[i?^*^] admitted 
by AdSrf+i with d = 2n = 2l + Ak — 2 for d > 6. The spin Hall current in this case is given by 


(Sh) a = - 2 c^ 


Pin 


' ^PlQl) 


(H.7) 


X I I 


2k-l 


Tyb T^^2k — 3 T^^2k — 2 

-ft CiriSi-rt c2r2S2 ■ ■ ■ C2k-2r2k-2S2k-2^ «^2fe-l«2fe-l ' 


As is known from the Einstein source computation carried out in Appendix D.6 of 
Ref. [27], there are three types of terms in {Y^hY^c that can contribute up to 0 ;"'“^ order, 
depending on how (^0) and (^0) are distributed. For k = 1 (thus n = l + 1), 

0(^"-') : (S«n<x . (H.8) 

/y( 2 )\a 6 ^ f:apiqi-piqirisi/ i p ,\6 

J t \p-^ )piqi---Pl<ll\R^) crisi: 


which is just a generalization of Eq.(G.15) in the case of AdSs. For A: > 1, 

0 {u;^-Y ■ 

(y,uV°‘^ nc f°‘P^i^'"Piqi'>'m--r2k-is2k-i( -iL 1 n 1 ni^ 

c o. t crisir 2 S 2 r 3 S 3 y^ A4S4'"»'2fc-l«2fc-l 


0 {u:^-Y ■■ 

oc ( 0 1^“^) 




piqi-piqi \R 


(S 


( 2 )\ab 


H 


oc e 


ap\q\---piqiris\---r 2 k-lS 2 k-l 


or 

or 


,ap-i_qi-piqiris-i_-r 2 k-iS 2 k-l 


,aprqi---piqiriST_---r2k-iS2k-l 


{A% 

(. 1 ') 




cr\s\r 2 ---r 2 k-lS 2 k-l i 

.2fc-4^ 


Piqi-'-piqiyR-^R-^R'^J crisir2S2r3S3{^ )r4S4---r2k-lS2k-l 


(H.9) 


Here we have used the fact that (^0) oc drf\u and (^jO^) = 0. We note that, for A; > 1, the 
wedge product of odd numbers of the curvature 2-forms consisting of all (jjl)’s except 

exactly one (^0) reduces to (^l^l^O)^c, or wedged by (2 $t^)^^“^- 

We also notice that GO) A (^0^1) = (^0) A(«l ^0) = 0, because (^0) oc dr A u and all the 
terms in (^0^1) and (^1^0) are either proportional to dr or u . 


H.1.1 Term T 3 

From the expression of (H.3), to evaluate Ts, we only need to evaluate some specific compo¬ 
nents of the spin Hall current {YhY^^ in (H.4). We evaluate contribution to these components 
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from and separately. As we will see, these computations follow 

in the same vein as the AdSs computations in Appendix G.4. 


(S/f)' term: 

The same argument as the AdSs case in Appendix G.4 holds by replacing (^ 0 ) with (^O^l^O) 
for k > \. Therefore, {^h)' term does not contribute to the third term T 3 . 

term: 

By noticing that (^0) oc dr A it and oc u, we have 

(sWr^ = 0, (S^))“/3, = 0, (H.IO) 

(and thus = 0). Hence, the non-trivial components of Eq. (H.4) are calculated as 

term: 

We first notice that are all proportional to dr. 

This leads to = 0 and thus we can rewrite (H.3) for (S^^) as 

7^3Is(2) = , (H.12) 

Z 

where 

(sg))(“/^)^ = . (H.13) 

In the first equality, we have used the fact that the objects (^0)^,,) (i{0fllRl)^r) {R^R^R^)^r 
and are either zero or proportional to dx^, which leads to = 0 . 

From the above computation, non-trivial components of the spin Hall current relevant to 
the computation of T 3 is given up to 0 ;"’“^ order by 


i^H) 


(a/3)r _ 


rd 






(H.14) 


where Therefore, the leading order expression of T 3 for 'Pc ft = f\ 

tr[^2fc] |;q |3g 


T 3 




- 

d^T 


[(du) A It A (2tj)" . 


(H.15) 


When we evaluate dX r = th (at the horizon) or r ^ 00 (at the boundary), substituting 
^“kor = ihor^ ^\hor = ^hor as in Eq. (2.19) while at the boundary choosing as in Eq. (2.13), 
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we have the following expressions : 


T I - 

^ 31 hor 22 ^ 


d 

d^T dr d^T 


{6u) A (2cj) 


n—1 


- hor 


(H.16) 


Tsloo ^ O (- 

where we have used Eq. (B. 86 ). 
2k + I > 3 and k > 1). 


1 1 1 

d-l ^l{d-2) ^{d-l)(2k-l) 

Hence, T 3 I 00 = 0 since we are considering n > 2 (where 


(H.17) 


H.1.2 Term T 4 

To calculate r 4 at the leading order of the derivative expansion, we start with the evaluation 
of and as defined in (H.5). 


By using the results = 0 up to 0 ;”“^ order and the expression of from 

Eq.(H.14), first term is easily calculated as 



1 

2 r 




d_ 

dr 


aG(^5 
^ d^T 


(H.18) 


(ri'^) = 

As we have shown in the case of T 3 above, = 0. Therefore only 

can contribute to the second term Direct computations show that is 


for A: = 1 : 

for A: > 1 : 


= 4 [r^v.u- 


2 ^Uf,V^] 


dG^ 

d^j’ 


+ 8 r“^T]H(^> 


aG(^5 




(H.19) 

(H.20) 


where G^’^' = Cj^ <h^(24>y^) and In deriving the results above, it is helpful to 

remember 

, (H.21) 

which is just a generalization of Eq. (G.22) (in the case of AdSs). We note that in the 
expression for the only difference between A: = 1 case and A > 1 case comes from 

Finally, we have the expression for as follows (note that = uA {2 cjY~^) 


for A = 1 

for A > 1 


: ^ - 2^u^u A (2^)"-i] 

: ^ - 2^u^u A [2^^-^] 


d^T 

5G(^) 


d^T 


(H.22) 

(H.23) 
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Combining the results for and above, we obtain T 4 in the leading order of 


the derivative expansion as 


[ r2 d 

’5G(^)' 

1 2 dr 

d^T 




*CFT 


d 


U - U,,-rr 


dr 


,d^ 

d^T 


u A (2a;) 


n—1 


+4r"2^ [r- 2'^Uf,u A (2a;)""^] | , (H.24) 


for fc > 1 : r 4 = <^ - 


f r^ d 

’9G(^)’ 

1 2 dr 

d^T 




*CFT 


u — u 


4' d 

l^j .2 


>d^ 


u A (2a;) 


n—l 


(H.25) 

At the horizon, the term related to vanishes and upon substituting ^°'\hor = ^hor^ 
A\hor = Ahor as in Eq. (2.19) , T 4 at the horizon is given by 


^1 '>'‘1, d 

T^lhor = 




{Su) A (2a;) 


n—l 


(H.26) 


hor 


for all A: > 1. 

On the other hand, at r ^ 00 , using as in Eq. (2.13), depending on the value of k, we 
have 

O ' 


for k = 1 : T 4 \c 
fov k > 1 : T 4 \c 


q. 


O 


j.l{d-2)-2 

1 


(H.27) 

(H.28) 


j.d{d-l)/2-{l+l) 

For A; > 1, which exists for d > 6 , the term T 4 obviously vanishes at r —>■ 00 . On the other 
hand, in d > 6 with A: = 1, we have I > 2 and thus T 4 vanishes at r —>■ 00 . Thus, T 4 vanishes 
at inhnity for d > 6 . 

H.1.3 T 3 + T 4 

To summarize, for VcFT = Atr[i?^*^], we obtained the following results at any hxed r : 


Ta = l(2T-r2)A 
Ir dr 


T 4 = e 6 {- 


f r^ d 


1 2 dr 





V, 


[(du) Au A (2a;) 


n—11 


*CFT 


T d 


u - u. 


,d^ 

(94>7’ 


u A (2a; 


,n —1 


(H.29) 


dr 

+4r"2^El(^> [r‘^V^*°^'^u - 2Tu^ti A (2a;)’^“^] | , 

where G^'^' = Cj^ 4>*(2<1)^^). For it takes nonzero value for A: = 1, while it 

vanishes for A: > 1. In particular, T 3 + T 4 at infinity r —)• 00 vanishes for d > 6 , while at the 
horizon r = we have 


(T 3 + r4)U,, = (^) Jf > i6u) A (2a;)-i , 
where in this case = —2ttCj^ x x 2 x (2A;) x (27rT)^^“^ . 


(H.30) 
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H.2 VcFT = Cg tr[fi2fci] A tr[i?2fc2 ] a ... A 

Here we consider the case with the purely gravitational anomaly polynomial consisting of 
multiple traces, Vcft = tr[i?^^i] A tr[i?^^ 2 j a ... A tr[i?^^p ] in AdSrf+i where d = 2n = 

ki) — 2 = Aktot — "^- Without loss of generality, we can assume that = 1 for i < pQ, i.e. 
the first pq tr[i?^*^®]’s are tr[i?^]’s (in particular po = 0 means that the anomaly polynomial 
'PcFT does not contain any tr[i?^]). As in the previous case, here we first consider zeroth 
and first order building blocks and will show at the end of this Appendix that 2nd and higher 
order building blocks do not contribute to T 3 and T 4 at the leading order. 

We first recall that 

= 2(2d>Tu;)2*^S tr[(^0^l2'=*-i)] = 2d>(rdr ^u^ , (H.31) 

while 

= {2^uf\ = ^'dr ^u^ {2^uf^-^. (H.32) 

Because of these, by replacing the contributions of consisting of (^l)’s and at most one (^0) 
by products of traces of consisting of all (^l)’s and at most one (^ 0 ) (upon sending 

to <hT with some appropriate factors of 2 ’s), we can carry out the same classification of 
the spin Hall current as we did for Vcft = Atr[i?^*^] and define {J^h)'■, 

™ previous case, the first term {T^h)' does not contribute to both T 3 and r 4 . 
We thus restrict ourselves to the order contribution (B^^) and (B®) only. 

Since tr[x; 2 ] = 0, the derivative of the anomaly polynomial {dVcFT/dR°‘h) up to order 

^n-l -g gJygjj i^y 

^ i=l 

+c^ Y, {2h)2^-^[{^0^1^1) + («1«1«0) + {2h - 3)(«1«0^1)]\ A (2<f>TCu)2^‘--" 

*=po+l 

+c^ ^ {2h){2kj)2^-\^l)\ A tr[(^0^1)] A , (H.33) 

where 2 ktot = n + 1 . 

f 2') 

The first two terms on the right hand side are essentially in the same form as (S^') 
appearing in Appendix H.l, while the third term is the same as (S^^) there under the 
replacement of F^ by the traces of the curvature two-forms explained above. Therefore we 
can straightforwardly compute the nontrivial components of (B^^) and (B^^) related to T 3 
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as 


(5.a))a/3r 

(5.g))M)r 


— C 


2 P 

s 


2 P 


{2k 


tot) 


^i 2 h 


2=1 






i=l 


2 P 


—c„ 


{2ktot)dr{r<^>T) + Y.^2kif - Aktot (r^r) 


(H.34) 


and thus nontrivial component of the spin Hall current relevant to is at the leading order 
given by 


(5.^)(a/3)r 


1 d 

j.d 


T— - 

d^T 




(H.35) 


where 2^ . Therefore we finally have the expression of Ta at the leading order 

as follows : 


Ts 


1 / n d 

— ( 2 T - r^) — 
2 r ^ dr 


dG^^^ 

T - 


[{6u) Au A (2a;)" . 


(H.36) 


In a similar manner, the computation of r 4 also follows from the computation in Appendix 

H.l. That is, as a result of {TihY^^ = 0 and = 0, the nontrivial contribution to 

( 2 ) 

comes only from {Tr^y^^ given by 


y^H) M 









(H.37) 


where = pqc (2P ^). Therefore, at the leading order is evaluated as 


[ r 2 d 

’5G(^)' 

1 2 dr 





*CFT 


T d 


u - u,,^ 


dr 


,d^ 

d^T 


u A {2u 


<n—l 


+4r“2^El(^) - 2A>u^u A (2a;)"“^] | . 


(H.38) 


Let us now summarize the expression of T 3 + r 4 at r = rn and r —>■ 00 . At the horizon, 
substituting C°‘\hor = ihor, A|/jor = A/ior as in Eq. (2.19), we obtain 

(Ts + y\hor = (^) 4' {6u) A {2ur-^ , (H.39) 

where in this case = —2ttc^ x 2P x {2ktot){2TrTY^^°*~^. 
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On the other hand, at r —oo, we have 


Taloo ^ O 
Ti\oo O 


1 


j.{d-l){2ktot) 

1 

j.{d-l){2ktot-2)-2 I ’ 


both of which vanish since ktot > 2 and d > 6. 


(H.40) 


H.3 VcFT = c^F^ A A tr[R^^^] A ... A tr[R‘^'^p] 

As a final case, we consider a general mixed anomaly polynomial consisting of multiple traces 
VcFT = Cm ^ tr[i?^^i] A tr[i?^^ 2 j A ... A iT[R?^p\ admitted by AdS^+i with d = 2n = 
21 + 4:ktot — 2. Again, without loss of generality, we assume that fcj = 1 for z < po (po > 0). 

In the current case, by treating F^ and traces of the curvature two-forms as we did in 
Appendix H.l. We can classify contribution to the spin Hall current up to order into 

three cases, Then it is straightforward to show that {TjhY does not 

contribute to T 3 and T 4 , and we only need to consider the order contributions which 

are from and ). 

The expression of {dFcFT/dR^b), up to order 0 ;"'“^, is 

Cm ^(2fe,)2P-^4)a A a (2d>^)^ 

i=l 

+Cm Yl (2A:*)(2%)2P-2Ul)''aAtr[(^0^1)]A(2chTu;)2^--4A(2<I.u;)^ 
hjdAj 

+Cm I (^0) A Y(‘^ki)2P-\^l)\ A a (2d>^)^~i , (H.41) 

i=l 

with 

4)“ = + + for z>po + l, 

4)“ = ’ fo^ 1 < ^ < Po • (H.42) 

We can see that the first term on the right hand side of Eq. (H.41) contributes only to 
while the rest of the terms contribute only to (S^^), and they can be evaluated essentially in 
the same way as in Appendix H.l. More practically, the contribution to the spin Hall current 
from the first two terms can be obtained by wedging the result for I = 0 (see Appendix H.2) 
with (24>a;)^, while the one from the third term can be computed essentially in the same 
way as (E^^) for the case of p = 1 (see Appendix H.l) because the former just contains 
extra powers of (2‘ha;) and (2‘hj’a;) compared to the latter. In the end, we finally have the 


dVcFT 

dR\ 
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expression for and T 4 at any fixed r as 


where 




d^T 


f r2 d 


1 2 dr 



[{6u) A u A {2u)^ , 


Tr *CFT d 

It ^ 

dr 


d^i 


u A {2u 


.n—1 


+4r-2^El(^) - 2^u^u A (20;)’^“^] | , 

/i' 2 P = poCm ^ 


(H.43) 

(H.44) 


Let us finally evaluate T 3 + r 4 at the horizon and infinity. The expression at the hori¬ 
zon (upon substituting Eq. (2.19)) is the same as Eq. (H.39) where is replaced by the 
expressions J^^'’ = —2 -kc^ x x 2 ^ x (2A:tot)(27rT)^^‘°*“^. 

On the other hand, at infinity r —)• 00 , we have 


T3I00 ^ O 


T4I00 O 


1 


^{d-2)l+{d-l){2ktot) I ’ 


1 


^{d-2)l+{d-l){2ktot-2)-2 I ’ 


(H.45) 


both of which vanish since d > 6 and ktot > 2 . 


H.4 On 2nd and higher order bnilding blocks 

Up to this point, we only considered the zeroth and first order building blocks. Here we 
briefly explain why 2 nd and higher order building blocks do not contribute to T 3 and r 4 up 
to 0 ;”“^ order. 

In Appendix D .6 of Ref. [27], we have proved that these 2nd order and higher order 
building blocks do not contribute to the Einstein sources. One of the key points of the proof 
is that the 2 nd and higher order building blocks do not contribute to [d'PcFT/dR^'b) (and 
thus to the spin Hall current) up to 0 ;”“^ order. Since both T 3 and r 4 are linear in the spin 
Hall current, this result is sufficient to prove that 2nd and higher order building blocks do 
not contribute to T 3 and up to uj^~^ order. 


I Contributions to To,Ti and T2 at horizon: without higher order 

In this Appendix, we evaluate To, Ti and T 2 terms for a general anomaly polynomials admitted 
on AdS 2 rt+i with n > 3. We also combine with the results on T 3 and T 4 we obtained in 
Appendix H to calculate (^QNoether)j^ the horizon. We start with some specific warm-up 
examples and then consider the general cases. 

For the curvature and gauge field strength 2-form at the zeroth and first orders and 
its products, drastic simplifications occur at the horizon. As we will explain, most of terms 


- 64 - 













appearing in the products vanish or is proportional to dr while the remaining nontrivial terms 
have simple structures. In particular, for the part, since (^0) oc dr A u, we can replace 
by Therefore, we essentially only need to deal with purely gravitational anomaly 

polynomials. 

Furthermore, due to Eq. (2.19), (A + i^A)\hor = ^hor + = 0 (up to 1st order) and 

hence To|/ior = 0 for a general anomaly polynomial Vcft- Thus, we only need to evaluate 
Ti and T 2 at the horizon. 

For the rest of this Appendix, we shall first evaluate (^QNoether)^^ Uor using zeroth and 
first order building blocks. Similar to the case of the Einstein sources in Ref. [27], 2nd and 
higher order building blocks do not contribute to Ti and T 2 at the horizon up to order 
of the derivative expansion. As we will show in Appendix J, the restriction at the horizon 
makes this proof simpler too. 


I.l Warm-up example 1 : VcFT = Cj^F^ Atr[i?^] 

As a first warm-up example, we consider Fcft = c^^F^ A tr[i?^] in AdS 2 n+i with n = I + 1. 
We notice that all the E”s in Ti and T 2 can be set to be (^1) = ( 2 (^ 0 ;), since (^,,0) oc dr A u. 
Then the evaluation of Ti and T 2 is essentially the same as the case of Fcft = c^FAtrlR"^] in 
Appendix G (with extra (2<l>cj)’s). Therefore, using Eq. (G.14) and substituting ^“jhor = 

A\hor = Ahor as in Eq. (2.19), we obtain 


Ti\ 


hor 


T2\hor 


A (2|UCJ 
u A 5[(2/ucj) 


n—1 j 
n—li 



(I.l) 


where = —2fc^ x x 2^ x (27rT) and x 2^ x (27rT). This leads to 


(To + Ti + TojUoo = i {(A') [f A - (^) J'P [(«u) A (2^)"-l]. (1.2) 


Gombining with the results of T 3 and in Appendix H, 

(Ts + T^)\hor = (^) JT A (2c^)"-' , (1.3) 

we finally have the full expression for (^QNoether)^^UoT 

(^<5NoetheJj/koT = <5 { } , (1.4) 

where the entropy current is 

= (1.5) 


1.2 Warm-up example 2 : Vcft = Cgtr[F?^] Atr[F?^] 

As a second warmup example, we consider Vcft = Cgtr[i?^] A tr[i?^] in AdSr where n = 3. 
Using Eq. (B.67)-(B.69) and Eq. (G.14) while substituting i°‘\hor = ihor'> A-Uor = Ahor as in 
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Eq. (2.19), we have 

Tilhor = 4c^ {tr[ve(5r)] A tr[i^2] + 2tr[(5r) A R] A tr[V^i?]} 

= 6{{/^^)[uA{2uf]}-[^) /P{Su)A{2uf, ( 1 . 6 ) 

where = —27rCg 2^ x 4 x (27rT)^. Note that T 2 is zero since Rcft does not contain any 

F’s. 

Combining with the result of T 3 + T 4 in Appendix H evaluated at the horizon, 

(Ta + T^)\hor = A i2uf , (1.7) 

we finally have the expression for : 

1.3 Warm-up example 3 : 'Pcft = Cgtr[/?^] 

As a final warm-up example, we consider Rcft = in AdS 7 where n = 3. In this 

case, the term Ti is computed as 


Tikor = 4c^ {tr[(<5r)(i72)(VO] +tr[((ir)i7(V0i?] + tr[(5r)(V0i?']}L=,^ 

= 5 {(4^) [u A {2ur]} - (^) 4 {6u) A {2uf , 

where 4^ — ~2FCg x 2 x 4(27rT)^. Here we have used 

(5 [u A {2u)^ 4 = n{5u) A (2^)’""^ , 


(1.9) 

(I.IO) 


which comes from Eq. (G.14). As in the previous example, T 2 is obviously zero for purely 
gravitational anomaly polynomials. 

For T 3 -|- T 4 , by setting r = r/f in the result obtained in Appendix H, we have 

(Tg + n)\hor = (^) 4' A (2^)' • (I-ll) 

Finally, we obtain the following result for (^QNoether)^^ evaluated at the horizon : 


1.4 VcFT = c^F^^tr[R^’^] 

Let us start with the single trace case, Vcft = AtT[R‘^^] in AdS 2 n-i-i with n = 2k + l — l. 

Derivatives of the anomaly polynomial with respect to the curvature two-form and the U{1) 
field strength are given respectively by 


d'^VcFT 

dFdR^b 

d'^'PcFT 

dR\dR^d 


{2kl)F^-^ AiR^^-^a, 

2 k-2 

{2k)F^ A Y, , 

m=0 


(1.13) 
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where {RP)^c = 5^c- 

As for the U{1) field strength, since (^0) (x dr Au and (^1) = (2$cj), in the evaluation 
of Ti and T 2 at the leading order under the assumption that 2nd and higher order terms of 
F, R etc. do not contribute, we can replace F by (2<l>cj). Thus, in the evaluation of Ti, we 
can just concentrate on the case of the anomaly polynomial of the form 

VcFT = C, tr[i?2fc], (1.14) 

in AdS 2 n+i with n = 2fc — 1, and the result for more general single trace anomaly polynomial 
Fcft = F^ a tr[i?^*^] follows from this straightforwardly. 

1.4.1 Ti at horizon 

In the evaluation of Ti, we encounter three kinds of terms which can contribute nontrivially: 

5r^b{R A ... A R)\Vde A (i^ A .. . A R)^a , (1.15) 

6r%{RA...AR)\Vae, A{RA...ARya- (1.16) 

We first note that {R A ... A R) with more than one (^0) vanishes or is proportional to dr. 
Thus, we only have to consider the products with one or no (^0). Then for the first kind 
of possibility, (1.15), we can classify the potential nontrivial contribution as summarized in 
Table 2. The entries in the second and third column (i.e. the O’s and I’s) under and dT 
indicate which order of derivative expansion in and dF are appearing in that structure. 
For example, when it is 0 under and 1 under JF, it means that we are considering the 
structure containing (^^^V^) and (^^^dF). Since we are considering contributions composed of 
0th or 1st order terms of V^, 5F and R, we can classify the possible nontrivial contributions 
by the numbers of the 0th order terms. In Table 2, we list up all the possibilities containing 
two or more zeroth order terms. We note that when the number of the 0th order terms are 
more than four, then at least one of the two {R A ... A i?)’s contains two or more (jjO)’s and 
thus this kind of contribution vanishes. If the number of the zeroth order terms are less than 
two, then the contributions are of higher order. Note that in the table, we did not specify 
the explicit contractions of the indices. They should be contracted according to Eq. (1.15). 
For the possibilities listed in the table, there are usually two ways that the {R A . .. R) can 
be contracted, depending if it is next to dF or V^. For example, in the second row, we see 
that we could have Xi the 3rd column and Xo in the 4th column. This means that we can 
have the following two structures 

((°^5F)%(xi)'c((°V,r)(Ao)"a, ((°^(ir)“,(xo)'c(^°)Vdf)(xi)''a. (LW) 

We also note that when both of {R A ... A F?)’s are elements of Xi (the first and third 
case in Table 2), then such a kind of contribution is proportional to u Au and thus vanish 
(we again stress that we neglect the terms proportional to dr during the evaluation of the 
first term). As we have shown in Eq. (B.65), the nontrivial elements in xi ^-re (^0^1”*)^^ 
and (^l™^0)^p only, since (^1^0^1)“b is proportional to dr or zero. 
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Table 2. Single trace anomaly polynomial : contributions to Ti from terms with and not next 
to each other. 


^ of 0 th order terms 


6 V 

{RA... A R) 

{RA...AR) 

Results 

4 

0 

0 

Ai oc w 

Aioc u 

zero 

3 

0 

0 

Ai 

Ao 

Case A (vanish in the end) 

3 

0 

1 

Ai oc w 

Ai oc w 

zero 

2 

0 

0 

Ao 

Ao 

Case B 

2 

0 

1 

Ai 

Ao 

Case C 

In a similar way, in 

the 

case 

of the two possibilities given in 

(1.16), we can summarize 


potential nontrivial contributions as in Table 3. 

Table 3. Single trace anomaly polynomial : contributions to Ti from terms with JT and next to 
each other._ 


^ of 0 th order terms 

ve 

6 T 

RA...AR 

Results 

3 

0 

0 

Ai 

Case D (vanish in the end) 

2 

0 

0 

Ao 

Case E 

2 

0 

1 

Ai 

Case F 


In the rest of this subsection, we directly evaluate the possibilities Case A, B, C, D, E 
and F in the above tables to calculate the leading order contribution to the hrst term Ti. 

Case A (vanish in the end) 

The followings are four potential nontrivial terms in Case A, but all of them vanish as a result 
of explicit computations (for 1 < m < 2A; — 3) : 

A (^0^1™-!)^ A A = 0, 

A A Vrff A = 0 , (1.18) 

A (^1”^)^ A Vdf A (^0^ 12^-3—)'=', = 0 , 

A (^1"*)^ A VdC A = 0 . 

Therefore, there is no contribution to Ti from this type of terms. 


Case B 

There is only one type of contribution in Case B which can be computed as follows (for 
1 < m < 2A: - 3) : 

A (^ 1 ™)^ A (v^r) A )'', 

= -(27r) [25{2'kTu) - rnSu] A {2{2'KT)uf'^-‘^ . (1.19) 


Case C 

As in Case A, there are four potential nontrivial terms in Case C and only one out of these 
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terms contribute nontrivially (for 1 < m < 2fc — 3) : 

A A A = 0 , 

A A Vrff A = 0 , 

A (^1"*)^ A A = 0 , (1.20) 

A (^l”^)', A A = {-27T)rH{du) A {2{2T:T)uf^-\ 

where we have used Eq. (G.14). 

Case D (vanish in the end) 

The following four terms are potentially nontrivial but the direct computation shows that all 
of them vanish ; 

= 0 , W5r“b(^i2^-3^o)^Vaf = o, ( 1 . 21 ) 

= 0 , = 0 . 

Therefore there is no nontrivial contribution from Case D. 

Case E 

There are two non-trivial structures in Case E ; 

= -27r [25{2t^Tu) - rnSu] A {2{2T^T)uf^-‘^ , (1.22) 

= -27r [26{2t^Tu) - thSu] A {2{2T^T)uf^-‘^. (1.23) 


Case F 

There are two potential nontrivial cases one of which vanishes as a result of direct computa¬ 
tion : 


= {-2TT)rH{5u) A (2(27rT)u;)2^-2 , (1.24) 

= 0 . (1.25) 


Here we have used Eq. (C.14). 

Summary for Ti 

Now that we have calculated all the contributions in the Table 2 and 3, we sum them up to 
calculate the leading order contribution to the first term Ti. The above calculation shows 
that all the contributions containing more than two 0th order terms vanish. Then the leading 
order contribution to Ti contains two 0 th order terms and is calculated by summing up the 
results in Case B, C, E and F. For Vcft = tr[/?^^] with n = 2fe — 1, we have 


1 hor 


(-27r) Cg {2k) \2{2k - 1)5{2tiTu) - rniSu)] A (2(27rr)a;)2^-2 

i {(jf) [« A {2u,)“-‘|} - (^) Jp [{if) A (2a,) 


\n—li 


where we have used Eq. (1.10) and = —27r x 0^2 x (2A:) x (27rT)”'. 


(1.26) 
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As explained before, Ti in the case of Vcft = A (with n = 2k + I — 1) is 

easily obtained by multiplying (2<l>a;)^ to the result for I = 0, which yields 

Ti = i {(')l I- A (2U.)"-'-']} A (2^u.)‘ - (^) jy l(iM) A (2u<)"-i], (1.27) 

where in this case = — 2 ^ 0 ^ x x 2 x {2k) x {2 fT)‘^^~^ and {J^s'^)i = x 2 x 

{2k) X (27rr)2'=-b 

1.4.2 T 2 at horizon 

Here we evaluate the second term T 2 . For Vcft = tr[i?^^], it is obviously zero and thus 

we consider Fcft = CmF^ A tr[i?^^] for which T 2 is of the form 

T 2 = {2k)l5A A a [VbC{R^'"~")\] ■ (1-28) 

We note that is either zero or proportional to dr when it contains at least one 

(^0), the F(l) gauge field A at the leading order is and F can be replaced by the {2fiLj). 
Then the leading order contribution to the second term T 2 is given by 

T2\hor = {J^P)l [u A (2^)-^-!] A <5[(2^a;)'], (1.29) 

where {J^^)i = —2 fc^ x 2 x {2k) x (27rr)^^“^. 

1.4.3 (^QNoether)^^ horizoH 

We recall that for Fcft = A tr[F^^], + Fi evaluated at the horizon is given by (see 

Appendix H) 

(Fs + T^)\hor = 4"' [(<^^) (2^)""'] • (1-30) 

Collecting all these terms, we finally obtain 

(^QNoethejHUo7-=5{(4""-°“)/^""dx^} , (4""-°“)^ = . (1.31) 

1.5 VcFT = c^F^ A tr[R^^^] A ... A tr[R^’^p] 

As in the previous case, F can be replaced by (2<l>a;) to evaluate the leading order contribution. 
We thus concentrate on the anomaly polynomial of the form Fcft = Cg tr[F^^i] Atr[F^^2] A 
... A tr[R‘^^p] from which the result for the case with F^ is derived straightforwardly. 

The crucial difference from the single trace case is that when we consider two derivatives 
of Fcft with respect to F, there are two kinds of terms: the two F-derivatives can act 
on the same trace or on different traces. As we know that tr[xi] (x dr A u, for the trace 
tr[F^^*] on which the F-derivatives do not act, we can replace it by tr[(^l^^*)] = 2{2^t^)‘^^^■ 
Therefore, we only need to consider the two-trace case, Vcft = tr[F^^i] A tr[F^^ 2 ] with 
ki,k 2 > 1, and the more general case follows from this straightforwardly. 
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In this two-trace case, we have 


d'^'PcFT 

dR\R^d 


(2fci)(2fc2) (-R- 


^ 2 ki — l\b 


(R 


2 k 2 -l 


)'^^+(R2fcl-l)d^(R2fc2-l)f>^ 


2ki-2 

+cj2fei)tr[R2^=] 

m=0 

2 k 2-2 

+cj2fe2)tr[R2^l] ^ (R”*)^(R 2 ^ 2 - 2 -m)d^ 
m=0 


(1.32) 


The results for the terms in the second and third lines can be obtained from the single trace 
answer by multiplying tr[(^l^^i)] = 2(2<hT’a^)^*^i (or, the one with ki replaced by ^ 2 ). Thus, 
we will concentrate on the first term. We also restrict ourselves to the case in which the 
derivatives with respect to R“fe and R‘^d act respectively on tr[R^^i] and tr[R^*'^] (the other 
one can be derived by just interchanging ki and ^ 2 ). 


1.5.1 Ti at horizon 

In the case of Re ft with a single trace, the possible nontrivial contributions are classified as 
in Table 2 and 3. In the double trace case, there is the following extra contribution related 
to the first line of (1.32) : 

[6T\ A (R A ... A R)\] A (R A ... A R)-^,], (1.33) 

whose potential nontrivial contribution at low orders are classified as in Table 2, though the 
contraction structures are different. For clarify, we shall present such classification in Table 

4. 


Table 4. Multi-trace anomaly polynomial: contributions to Ti from terms with dT and in different 
traces. 


^ of 0th order terms 


6 T 

(R A ... A R) 

(R A ... A R) 

Results 

4 

0 

0 

Ai oc It 

Aioc u 

zero 

3 

0 

0 

Ai 

Ao 

Case A (vanish in the end) 

3 

0 

1 

At oc It 

Ai oc tt 

zero 

2 

0 

0 

Ao 

Ao 

Case B 

2 

0 

1 

Ai 

Ao 

Case C 


Case A 

For Case A, there are four potential nontrivial contributions but all of them vanish (or pro¬ 
portional to dr) as follows : 

[(0)dr% A (^0^12^1-2)^] A =0, 

[Wdr% A (^12^1-1)^] A = 0 , (1.34) 

A (^12^1-2^0)^] A =0, 

A («i^"i-')'a] A = 0, 
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due to Eq. (B.73)-(B.74). We note that, strictly speaking, there are other four cases where 
ki and /c 2 are interchanged, but they are obviously zero (or proportional to dr) for the same 
reason. 

Case B 

For Case B, we have only one possibility (and the case with ki and ^2 interchanged) : 

A A [Vdf (1.35) 

= -(27r)2 [25{2-kTu) - rudu] A (2(27rT)u;)2(^i+*^2)-2 _ 


Case C 

In this case, there are four potential non-trivial cases but one out of the four cases gives non¬ 
trivial contribution (as in the case of Case A and B, there is another nontrivial contribution 
from k and I interchanged) : 

A (^0^12^1-2)^] A [VrfC‘=(^l2^2-l)dj 
A («i2"i-2^0)M A [V^r («i'"^"')''c] 

where we have used Eq. (G.14). 

Summary for Ti 

Now we collect all the terms to calculate the first term Ti. For 'Pcft = Cg tr[/?2^i] A tr[772^2] 
(with n = 2ki + 2/c2 — 1), by using Eq. (G.14), the first term Ti at the leading order is given 
by (do not forget the second and third terms in (1.32)) 

Ti = 2c^ (8fcifc2)(-27r) [2(5 (27rru)] A (2(27rr)u;)2*^i+2*^2-2 

+2c^ (2A;i)(-27r) [{2ki - 1)25 {2 'kTu) - rH5u] ( 2 ( 27 rT)u;) 2 ^i+ 2 ^ 2-2 
+2c^ (2A:2)(-27r) [(2A:2 - 1)2(5 {2fTu) - ruSu] A (2(27rT)cj)2'=i+ 2 ^ 2-2 

= « {(jy') |u A (20,)”-']} - (^) Jp [(fa) A (2o,)“->], (1.37) 

where we have used Eq. (1.10) and the fact that in this case = —27rCg x 22 x (2/ci + 2k2) x 

(27rr)'=i+*^2-i. 

For more general multi-trace terms in the anomaly polynomial, 'Pcft = Cm E'^Atr[i?2^i] a 
tr[^ 2 fc 2 j /\ _ , tr[i?2^p] (with n = 2ktot + 1 — 1 and ktot = Z]f=i by recalling that F can be 
replaced by (2<I>u;) and tr[i?2^i] by 2(2<h'ru;)^" when the derivatives with respect to R do not 
act there, the first term Ti at the leading order is given by 

U = i {(jy’), [u A ( 20 ,)"-'-']} A (2ao,)' - (^) jy> l(fa) A (2o,)”-'], (1.38) 

where in this case = —2fCj^ x x2P x {2ktot) x {2fT)^*-°^~^ and {J^^)i = —27rc^ x 2^ x 

{2ktot) X (27rr)^‘°*-b 


= 0 , 

= 0, (1.36) 

= 0 , 

= -{2F)2rH{5u) A (2(27rr)w)2('=i+^2)-2 ^ 


- 72 - 







1.5.2 r 2 at horizon 

For the anomaly polynomial without i^’s, this term is obviously zero and thus we consider 
more general cases including the multiple traces, T*cft = A tr[i?^*^i] A tr[R‘^^^] A 

... A tr[i?^^r]. The evaluation of T2 at the leading order is the same as the single trace 
case except that we need to replace the traces tr[i?^*^*] without the derivative acted on by 
tr[(^l^)] = 2(2<hj’<^)^b Then the final result is given by 

T 2 = {(4'"')^ [uA{2ur-^-^]]A5[i2fiuy] . (1.39) 

1.5.3 (^QNoether)^^ ^t horizoH 

We recall that T3 + T4 evaluated at the horizon is given by (see Appendix H) 

(Ts + T,)\^or = (^) 4^ {6u) A (2^)2 . (1.40) 

Therefore, collecting all the terms, we finally obtain 

(^<5NoetheJ//Uo. = )^ = 4 . (1.41) 

J Contributions to To,Ti and T 2 at horizon: with higher order 

In Appendix I, we have assumed that the 2nd and higher order building blocks do not generate 
any non-trivial contribution to (^Q^oether)^i'Uor up to order. We confirm this statement 
here. As we have proved this statement for and T4 in Appendix H.4, here we will prove 
that 2nd and higher order building blocks do not contribute to Tq, Ti and T2 (at the horizon) 
at the leading order. In the following, we check this statement term by term. Since T^lhor = 0 
due to (A + i^A)\hor = 0 to all order, we do not need to deal with To\hor- 

Here is one important remark that will be useful : As we have seen, when 2nd and higher 
order building blocks are neglected, the leading order contribution to Ti and T2 is of order 

We emphasize that in this Appendix, we are considering all contributions which contain 
at least one 2nd or higher order building block. 

J.l Ti at horizon 

Let us consider the anomaly polynomial of the form T’cft = tr[i?^^i] A tr[i?^^2] a ... A 

tr[i?^^p] with n = 2ktot — 1- We will take into account later. Without loss of generality, 
we assume fej = 1 for i < pQ {pQ > 0). Furthermore, let us denote the total number of the 
derivative in and dF by N. One important remark is that at the horizon, (^0) is either 
proportional to dr or u and thus the number of (^O)’s needs to be less than two to have 
nontrivial contribution to Ti. 

When we evaluate the derivative {d'^FcFT/dR^bdR^d), there are four possibilities : 

• Case 1 : IV > 1. 
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• Case 2 : = 0 and both of the derivatives act on the same trace tr[i?^^*] with i < pQ, 

i.e. 

Ti oc tr[((°)5r)((°) VO] A tr[i?2^=] A • • • A tr[i?2^^], (J.l) 

where without loss of generality, we have assumed that i = 1. 

• Case 3 : iV = 0 and both of the derivatives act on the same trace tr[i?^*'*] with i > po, 

i.e. 

Ti (J.2) 

• Case 4 : = 0 and the two derivatives act on different traces 

Ti (X tr[((°)5r)i?2fc^-^] A tr[(®VO-R^^^"^]. (J.3) 


J.1.1 Case 1 

Since we are considering the contributions containing at least one 2nd or higher order term 
in Ti, at least two /?’s must be (^0) to contribute to Ti up to order. Therefore, this 

gives vanishing contribution. 

J.l.2 Case 2 

In this case, to circumvent the appearance of two or more (jjO)’s, the i?’s need to contain 
one 0), one (^2) and the rest are set to (^jl). This indicates that tr[i?^^2] A • • • A tr[i?^^p] 
contains tr[^2xi] or tr[xi], but both of them are zero or proportional to dr. We thus conclude 
that this case give vanishing contribution to Ti. 

J.l.3 Case 3 and Case 4 

For Case 3 and Case 4, we note that the derivative {d'^T*cFT/dR^bdR^d) contains two (i? A 
R A ... A R)’s (we note that one of the {R A A ... A i?)’s can be which means we are in 
Case 3) and a product of traces of the form T = 71 A Ti A Ts, where 71 (Ti, Ti, respectively) 
is the wedge product of the trace of the form {TR(^ 2 )i T'l?( 3 ), respectively) only, with 

the Tii(j)’s are defined Ref. [27] as : 

rR(i) = tr[x], 

TR(2) =tr[nxnx---nx], 

TRo) = tr[n] . (J.4) 

Here, the symbol x represents one of the elements in Xo U U X 2 , that is, it is a string made 
of (^O)’s and (fll)’s only. On the other hand, the symbol v is defined to represent a string 
made of 2nd or higher order terms {j^Tn) with m > 2. We note that the existence of (^0) in 
Ti is not allowed since tr[xi] oc dr and thus we set all the trace in Ti to be tr[xo]- Therefore, 
we might as well neglect the 71 in the following discussion. 
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For the two {R A i? A ... -R)’s, each of them is of the form denoted in Case A, B, C, D or 
E (as was done in Ref. [27] and reviewed in Appendix B.2.2) : 


Case A : 

{^X^X- 

.vxv) , 

Case B : 

i'l^XVX-- 

• ^^x), (x^x^ 

Case C : 


• x^x), 

Case D : 

(«) > 


Case E : 

(x) > 



where (/ > 1). We notice that we regard 6°’h as an element of Case E with Xq- 


(J.5) 


Case 3 : 

When we consider the contribution of order io^~^ or lower, to avoid appearance of more than 
one (^0) in {d'^'PcFT/dR^bdR^d)i we require that one of the {R A R A ... A i?)’s is of the 
form in Case E while the other (RARA. .. Ai?)’s is either of the form in Case B,C ox E (see 
Eq. (J.5)) and that there is no terms in Ts. More precisely, there are three possible nontrivial 
cases (we note that non-trivial terms in xi are (^l^^^^O) or (^ 0 ^ 1 ”^“^) with m > 1 ) : 


• The first case is when both of the {R A i? A ... A i?)’s are Xo and T 2 contains only one 
trace of the form tr[^2xi]. In this case, we know that tr[^2xi] = 0 and thus this does 
not contribute. 


• The second case is when one of the {R A R A ... A R)'s is Xi and the other is XO) while 
Ti contains only one trace of the form tr[^2xo]- contains one of the following four 
structures but all of them vanish ; 

(Vbe“)(Ao)'c((°^ jr'=d)(xi)''a = 0, ((°)Ver)(®<5r^d)(xi)''a = 0 , 

(^°^V6r)(xi)'c(^°)<5r'=,)(xo)"a = 0 , ((°)Vfee“)(xi)'c®(5r'=a) = o, (j.e) 

which follow from Eq. (B.76)-(B.78). 

• Finally, the third case is when one of the {R A A ... A i?)’s is of Case B ox C (where 
there exists only one v which is set to (^2)) while the other [R A R A ... A R) is of 
Case E. The trace part T is exactly 7i with all of them set to tr[xo]- la this case, all 
possibilities vanish because they are either (i^ijF^a) contracted with 

(i»>v,r)(«2,or, = (i“>v,{“)(»o,2n = (,2,o)“,(i»iv,r) = (,o,2)“,(<"ivjr) = 0. 

(J,7) 


or they are proportional to : 

(^°)5r'=d)(xi)"a((°V6r) = o, 

((°V6r)(xi)'c(®-5r^d)(H2)'', = 0 , (®v,r)(xi)'c(^°^5r‘=rf)(xoH2xo)''a = o, 

Vbr)(Xi)'c(® <5r^d)(«2xo)"a = 0 , ((°) Vbr)(Xi)'c(^°^<5r^d)(X0H2)"a = 0 . 

(J. 8 ) 
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Here, we have used Eqs. (B.76), (B.78) and (B.85). 

Case 4 : 

As in Case 1, up to order, to avoid appearance of more than one (^O)’s in two derivatives 
of the anomaly polynomial, i.e. {d‘^T*cFT/dR°'bdR^d), we need to require that one of the 
{R A ... A i?)’s is of the form in Case E while the other [R A ... A i?)’s is either of the form 
in Case B,C or E and that there is no terms in Ts- There are three possibilities as before : 

• When both of {R A R A ... A i?)’s are Xo 72 contains only one trace of the form 
tr[^2x;i], this type of terms vanishes since tr[^2xi] = 0. 

• Let us next consider the case where one of the {R A R A ... A R)’s is xi a-iid the other 
is XO) while 72 contains only one trace of the form tr[2xo]- Then Ti contains either 
tr[((°)5r)xi] or tr[((°)V^)xi] but both of them are zero. 

• The final case is when one of the {R A 77 A ... A 77)’s is of Case i? or C (where there 
exists only one v and it is set to (^2)) while the other (77 A 77 A ... A 77) is in Case 
E. The trace part T is exactly 7i with all of them set to tr[xo]- By noticing that both 
tr[((o)(5r)xi] and tr[(®V^)xi] vanish, Ti needs to be proportional to tr[((°)(5r)xo] or 
tr[((o)V^)Xo]- Then, the only potential nontrivial cases are when Ti is proportional to 
one of the following terms, but all of them vanish from explicit computations : 

tr[((°)(5r)(x0fl2xi)] = tr[((°)5r)(xi«2xo)] = 0 
tr[((°VO(X0fl2xi)] = tr[((°VO(Xifl2xo)] = 0, 
tr[((°)5r)(,2xi)]=tr[(W5r)(xi«2)]=0, 

tr[(Wve)(«2xi)] = tr[((0)vO(Xi«2)] = 0, (J.9) 

which follow from Eqs. (B.82), (B.84), (B.85) and the fact that the non-zero possibilities 
in (^2xi) and (xifl2) are reducible to (^2^0) and (^0^2). 

To summarize up to this point, for VcFT = tr[ 77 ^^i] Atr[ 77 ^^ 2 j /y... Atr[77^^J’], we have 

shown that 2nd and higher order building blocks do not give any nontrivial contribution to 
Ti up to order. 

Let us next consider the case with Vcft = A tr[77^^i] A tr[77^^2j a ... a tr[77^^p]. 

Since (^0) (x dr A u, starts at order ojK As for the rest part of Ti, the argument goes in 
the same way as we did for Vcft = tr[77^^i] A tr[77^^2] a • • • A tr[77^^p] (that is, we know 

that for this anomaly polynomial, Ti at the leading order is and this does not contain 
2nd and higher order terms). 

From the above arguments, we conclude that there is no contribution to the first term 
Ti up to order from second or higher order building blocks. 


- 76 - 



J. 2 T 2 at horizon 

Let us consider the general term in the anomaly polynomial of the form 'Pc ft = /\ 

tr[i?^^i] A tr[i?^^ 2 ] A ... A tr[i?^*^p]. The second term T 2 is of the form 

^ r 

Ts = { 5 A) A A |(2A:i)tr[(V0i?^*^'“^] 

i=l 

xtr[i^2^l] A ... A tr[i^2^‘-l] A tr[i?2^*+i] A ... A tr[i^2^p]| . (J.IO) 

Without loss of generality, we concentrate on the term with i = 1 only. 

Now we denote the total number of derivatives in 5 A and as N and classify based 
on it. When N > 1 , under the assumption that T 2 contains at least one 2nd or higher order 
terms, to contribute up to order, T 2 needs to have at least two (^O)’s or one (^0). 

Therefore, this case does not contribute T 2 . 

Let us next consider the case with = 0. To circumvent (^0) oc dr A u and the 
appearance of more than one (^ 0 ), T 2 needs to contain one (^ 0 ) as well as one (^ 2 ), while 
the rest of i^’s and i?’s are set to be of 1st order. In addition, by noticing that tr[^2x;i] = 0, 
we can reduce the possibilities to potentially nontrivial cases for which the tr[(V^)i?^*^i“^] 
part in T 2 is given by one of the following forms : 

(Wv,e^)(, 2 xi)%, 

However, all of the above vanish due to Eq. (B.77), Eq. (B.84)-(B.85) and the fact that the 
non-zero possibilities in (^ 2 xi) and (xi^ 2 ) are reducible to (^ 2 ^ 0 ) and (^ 0 ^ 2 ). 

K Why = 0 in AdSrf+i >7 ? • without higher order 

K. l Rough and refined estimates 

The goal of this Appendix is to prove that = 0. Eor AdSs, we have already 

shown explicitly that (^QNoether)j^loo = 0 in Appendix L. Thus, here we will concentrate on 
AdS 2 n-i-i for n > 3. Here we ignore terms proportional to dr. 

Since we have already shown that both Ts and T 4 vanish at inhnity in Appendix H.3, 
here we prove that Tq, Ti and T 2 vanish at infinity for AdS 2 n-i-i with n > 3. We first neglect 
the 2nd and higher order building blocks. Eventually, in Appendix L we will take them 
into account and show that their contributions vanish at the leading order of the derivative 
expansion. 

Our strategy goes as follows. Based on the asymptotic behavior of the building blocks 
of To, Ti and T 2 , we first carry out the rough estimate for the asymptotic behaviors of these 
terms, without contracting their indices. This rough estimate is enough to confirm that each 
term vanishes at infinity for sufficiently high spacetime dimensions (more precisely, the rough 
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estimate is enough for AdSn and higher), while more detailed analysis is still required for 
some low-dimensional examples (that is, AdSy and AdSg). We thus analyze the latter cases 
more carefully after the rough estimate. 

Here, we define more precisely what we mean by the rough estimate and introduce some 
notation we will employ in this Appendix. For the building blocks, we define their fall-offs 
by the slowest damping component and denote it by : 

5r~r, VC~r^ (^0)~r^ (^1) ~ , 

(,0) = (...)dr, (K.l) 

For example, for V^, the component with the slowest fall-off is which behaves as at 

the boundary, and thus in the rough estimate we have ~ r^. Here we remind the readers 
that we are ignoring terms proportional to dr in this Appendix. 

The rough estimate of the fall-off behavior for the products of i?’s goes as follows : we 
just forget all their index-contractions and replace each building block by its fall-off from the 
rough estimate. For example, 



A ia2fc-2 
■ • ' ' fi 02fc-2 / 

^ ^-(d-3)(2k-2) ^ 



A -|a2fc-3, 1 

02fc-3/ 

^ ^-(d-3)(2k-3)+2 ^ 



A -|a2fc-4 1 

■ ■ R-'- b2k-4,) 

^ ^-(d-3){2k-4)+4 _ 

(K.2) 


Of course, we can consider the case with more (^O)’s, but the above possibilities are enough 
for our purpose, as we will see later. 

The refined estimate takes into account the contraction structure of each building block. 
To distinguish the refined estimate from the rough estimate, we will denote the refined esti¬ 
mate with Here is a simple example: for the rough estimate, we have 

(,1,1) ~ . (,0,1) ~ . (,1,0) ~ . (,0,0) ~ r^ (K.3) 


while for the refined estimate, the fall-offs are much faster (due to explicit contractions of the 
indices) 




(kOkI) — 






-2(d-l)+3 


(«0«0) = 0 . 


(K.4) 

In the course of the rough estimate, since we do not take into account the index contrac¬ 
tion, there is no distinction between the anomaly polynomial with a single trace or multiple 
traces. For example, for the rough estimate, we do not distinguish 'Pcft = Cg 
and VcFT = Cg tr[i?^^i] A tr[i?^^^]. In the following part, we therefore carry out the rough 
estimate for the following two cases: (1) purely gravitational anomaly polynomial (including 
both single- and multi-trace cases) (2) mixed anomaly polynomial (including both single- and 
multi-trace cases). 


^®In the refined estimate, we only aim to improve upon the rough estimate by explicitly contracting the 
indices. We do not attempt to explicitly compute the exact fall-off, i.e. figuring out which is the first non-zero 
leading behavior, but merely want to bound how slow the exact fall-off could be. 
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K.2 Rough estimate for purely gravitational anomaly polynomials 

Let us consider a general purely gravitational anomaly polynomial containing 2k curvature 
two-forms R (k > 2) on AdS 2 n-i-i with n = 2k — 1 (note that n > 3 and n is an odd number 
in this case). In this case, since both Tq and T 2 are zero from the definition of these terms, 
we only need to consider the first term Ti. 

Before the estimate, we remind the readers that when there are three or more (jjO)’s in 
Ti, then Ti contains at least one X 2 or tr[y;i] both of which are proportional to dr A u. The 
symbol Xm is defined as products of (R)’s consist of m number of (jjO)’s with the remaining 
(i?)’s being (fll)’s (see Appendix B.1.1 for useful facts about Xm)- Therefore, we only need 
to consider the cases with two or less (jjO)’s. 

Through the rough estimate, the first term Ti behaves as 

Ti ~ {6T)V^ A A ... A ~ A ... A . (k.5) 

Thus, depending on the number of (^O)’s in Ti, there are three possibilities with the following 
fall-off behaviors: 



A ^a2k-2, \ 

‘ ‘ R-^ 02k-2) 

^ ^-(2n-3)(n-l)+4 ^ 


A. 


^ ^-(2n-3)(n-2)+6 ^ 




^ ^-(2n-3)(n-3)-h8 _ 

(K.6) 


Since n > 3, the first case vanishes at infinity while the second and third cases vanish for 
re > 5 (note that re is an odd integer). Therefore, for AdSn and higher, the rough estimate 
is sufficient to imply that Til^-j-oo ~ 0. Thus, the only nontrivial case is when re = 3 which 
corresponds to the anomaly polynomial Rcft = Cg tr[R‘^] and "Pcft = Cg tr[R^] A tr[i?^] on 
AdSy. We will carry out the rehned estimate for these cases later in Appendix K.4. 

K.3 Rough estimate for mixed anomaly polynomials 

Now we consider the anomaly polynomial containing and 2k curvature two-forms (where 
I > 1 and A: > 1). This anomaly polynomial is admitted on AdS 2 n+i with re = 2A: — 1. 

Here we consider re > 3 only and thus 2k + I >4 needs to be satisfied. In the following, we 
evaluate the three terms Tq, Ti, T 2 one by one. 

K.3.1 Zeroth term Tq 

There are two terms in Tq. From Eq. (2.10), we see that the first and the second term each 
contains {d'^'PcFT/dFdF) and {d'^'PcFT/dR^bdF) respectively. Here we assume (A-|-igA) 
fall-offs as at most. 

For the first term, since (^,,0) (x dr Au, all the T’s need to be replaced by (^1). We also 
note that all the R’s need to be replaced by (^1) since tr[xi] (x dr A u and R’s only appear 
in the form of tr[i?^^'] (since there is no derivative with respect to R°'b)- Then the fall-off 
behavior is roughly estimated as 

(<5A) A (A + i^A) A a {R^\, a • • • a ^ ^ ^-(d-i)d/ 2 +(z-i) ^ 
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which vanishes at infinity. 

Similarly, for the second term in Tq, we can replace all the F's by (j,,l)’s, thus the second 
term in Tq behaves as 

5r“fe(A + i^A) A a A • • • A 

~ A • • • A ^ r X A • • • A . 

(K.8) 

Since the second term in Tq contains only one derivative with respect to there is only one 
{R A - ■ ■ AR) (without trace) wedged by tr[i?^^']’s. Since X 2 ^ dr Au and tr[%i] cc dr Au, we 
only need to consider the case with one or less (^0). In particular, the (^0) must be located 
in the {R A ■ ■ ■ A R) part, while all the tr[i?^^*]’s must be replaced by tr[^l^^']. Therefore, 
there are two potential nontrivial terms which fall-off as 

A ... A ~ x r-^^n-mk-i) ^ 

^l_2(n-l)(Z-l)(^QP^ A A ... A X ^2-(2n-3)(2fe-2)^ 

(K.9) 

both of which vanish at infinity (note that 2k +1 > 4: for n > 3). 

To summarize, the zeroth term Tq vanishes at infinity for n > 3. 

K.3.2 First term Ti 

Similar to Tq, all the F’s need to be replaced by (^1) to have a non-trivial result. Then the 
fall-off behavior of this term is 

Ti ~ $'(5r)ve A (F“^, A ... A ~ A ... A ■ 

(K.IO) 

Then, as in the case of a purely gravitational anomaly polynomial, there are three possibilities 
depending on the number of (^O)’s : 


r-(2^-2)^+4(^l“i^^ A., 


^ ^-(2n-3)(n-l)-r4-/ ^ 

A., 


^ ^-{2n-3){n-2)+6-l ^ 



^ ^-{2n-3){n-3)+8-l _ (K.ll) 


These three terms vanish when n > 3, n > 4 and n > 5, respectively. We thus need to carry 
out the refined estimate for AdS 7 (n = 3) and AdSg (n = 4). 

K.3.3 Second term T 2 

As a final part for the rough estimate, we evaluate T 2 . Again, by noting that (^0) (x dr A u, 
we replace all the F’s by (j^l). Then the fall-off behavior of this term is 

T 2 ~ {6^)V^4>^-\R!^\,A. . _ ^-2n+5^^-(2n-2)(«-l)(^ai^^/^^ ^ J . 

(K.12) 
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As in the case of the second term in Tq, this term contains only one derivative with respect to 
the curvature two-form and thus at most one (^ 0 ) is allowed to have a nontrivial contribution. 
Therefore, the followings are two non-trivial possibilities : 


A ... A 

r-2^+5-(2^-2)a-i)(^0Pg^l“ib, A ... A 


■\0.2k-l, \ 

b2k-l) 

-|<^ 2 fc- 2 , A 

02k-2) 


^ ^-2n+b-{2n-2){l-l) ^ ^-(2n-3)(2fc-l) 

^ ^-2n+5-(2n-2)(i-l) ^ ^-(2n-3)(2fc-2)+2 ^ 

(K.13) 


both of which vanish for n > 3 (note again that 2k +1 > 4: for n > 3). 

To summarize, we conclude that: 

• To, Ti and T 2 vanish at infinity for AdS 2 n-i-i with n > 5. 

• For AdSr and AdSg the refined estimate needs to be done for Ti only. 

• In the case of AdSy, from (K.ll) (which is valid for I = 0 case too), the subtle case is 
when one or two i?’s are (^ 0 ) and Ti in the rough estimate behaves as and 
respectively. 

• On the other hand, for AdSg, the only subtle case is when there exist two (flO)’s where 
Ti in the rough estimate behaves as r^~^. 

K.4 Refined estimate of Ti for AdSy 

In this part, we carry out the refined estimate of Ti for the anomaly polynomials admitted on 
AdSy. For AdSy, there are three types of the anomaly polynomials, 'Pcft = A tr[i? 2 j^ 

Cgtr[i? 2 ] /\ tr[i?2j and Cgtr[R^]. We will evaluate how they behave at infinity one by one. 
We stress again that here we still neglect 2nd and higher order building blocks, but we will 
take them into account at the end of this Appendix. We also recall that we have confirmed 
through the rough estimate that Ti vanishes at infinity when it contains no (^O)’s. We thus 
consider the case with one or two (^O)’s. 

K.4.1 Pcft = A 

In this case, the first term Ty is given by 

Ti = 2c^F^ . (K.14) 

This case does not contain any (^0) and thus we conclude that Ty vanishes at inhnity. 

K.4.2 Tcft = Cgtr[R2] a tr[R2] 

The first term Ti for this anomaly polynomial is composed of two types of terms, depending 
on where the two derivatives with respect to R. act : 

Ti = A tr[R2] + 8c^ (5r% A R\) A (V^^^R^d). (K.15) 
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For the first term in (K.15), since (^jO^) = 0 and tr[(^0^1)] cx dr A u, this term does not 
contribute at inhnity. For the second term in (K.15), direct computations show that 

6T\ A {^Ofa - r-io , ST\ A ^ , 

Vdf (hO)'", - , Vdein^Td - r-" , (K.16) 

which lead to 

8c, {6T\ A R\) a (VdeWd) -- r-2 . (K.17) 


To summarize, we have shown that Ti vanishes at infinity for the anomaly polynomial 
VcFT = Cgtr[i?2] A tr[i?2]. 


K.4.3 VcFT = Cgtr[i?^] 

As a final example for AdS 7 , we carry out the refined estimate of Ti at infinity for the anomaly 
polynomial Rcft = Cgtr\R‘^\. The first term Ti in this case is given by 


Ti = 4cg 


6T\R\R\Vae + STWdi^R^fRfa + 6V\R\VdeR'^a 


(K.18) 


The first and the second terms in (K.18) have three potential contributions, but all of 
them vanish at infinity in the following way : 





5r^(^i^o)^v,r-r-3, 

6r\Vde{n^^0)^a r-^ , 


5^^(^o^o)^v„r = 0, 

= 0. 

(K.19) 

For the third term, there are three potential contributions: 



<5r^(^0)^Vdr(Hl)''a-r-3, 

-- r-8 . (K.20) 


For the first line, we have used 

sr%{^0)\ ^ , (K.21) 

which behaves as r~^ for AdSy. For the other two terms, we evaluated them directly to show 
the fall-off behavior. In the end, we confirmed that Ti —0 at inhnity. 


K.5 Refined estimate of Ty for AdSg 

Here we carry out the rehned estimate for AdSg. We recall that, as a result of the rough 
estimate, the only potential nontrivial case is when Ti contains two (^O)’s. For this Appendix, 
we will focus on such possibilities. In this case, Ti behaves as Ti ~ We also notice the 
relation (K.21) in this case is (5r“6(^0)^c ^ j--id.-3) _ ^,-5^ while the rough estimate gives 
(ir^(^O)^ ~ r3. 
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K.5.1 Tcft = My[E?‘] 

In this case, Ti is given by 


Ti = 2c^ A 


(K.22) 


which does not contain any R. Therefore, this term vanishes at infinity as a result of the 
rough estimate. 

K.5.2 Fcft = c^F/\tr\R?]/\tr\R?] 

The first term Ti for this anomaly polynomial is 

Ti = 4cm fa A tr[i^2] + 8cm F A (<5r%i?\) A (VaeR^d) , (K.23) 

which vanishes since (^0^) = 0. 

As for the second term, as a result of (K.21) (for AdSg), the refined estimate changes the 
fall-off behavior of Ti by at least a factor compared to the rough estimate This is enough 
to confirm that Ti, which fall-off as under the rough estimate, vanishes at infinity. 


K.5.3 VcFT = Cj^jF AtrlR"^] 
In this case, Ti is given by 


Ti 


4c 


F A SV^bR^R^c^ae + FA 5T\Vd^’^R‘^fR^a + F A 


(K.24) 


The first and second terms vanish as a result of (^0^) = 0. On the other hand, for the third 
term, Eq. (K.21) (for AdSg) improves the fall-off behavior at infinity by at least a factor r~^ 
compared to the rough estimate. As in the previous case, this is enough to prove that Ti in 
this case vanishes at infinity. 


L Why (^<3N,,ther)H|oo = 0 in AdSrf+i >7 ? = with higher order 

In this Appendix, we will focus on contributions containing at least a 2nd or higher order 
building block and prove that the 2nd and higher order building blocks do not contribute to 
{^QyiaetheT)H ut T —oo. Before we begin the general argument, it is instructive to study in 
details all cases in AdSy and a particular case in AdSis. 

L.l Example : AdSy 

In AdSy, we consider contributions up to order. Hence, we only need to consider the case 
containing exactly one 2nd order building block (which contributes at with the rest of 
the building blocks set to zeroth order. We will show that such contributions are zero at any 
fixed r. In particular, they vanish at r —>■ oo. 
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L.1.1 VcFT = c^F^Atr[R^] 

The terms Tq, Ti and T 2 for this anomaly polynomial are given by 

To = (A + i^A)SA A tr[i?^] + 4cj^ {A + i^A)F A tr[iJT R ], 

Ti = 2c^F^ A tT[6TV^], 

T 2 = 4c^((^A) AF A tr[V^i?] . (L.l) 

The first term in Tq does not contain order contribution because of tr[(^0)^] = 0 and 
tr[(^0^2)] = 0. For Ti, T 2 and the second term in Tq, since (^0) (x dr Au, one needs to set 
one F to be (^2). In that case, since F, tr[(5ri?] and tr[V^i?] start at order, these terms 
all become or higher order. 

L.1.2 VcFT = c,tr[i?2] A tr[i^2] 

In this case, Tq and T 2 are trivially zero, while Ti is 

Ti = 4c^ tr[(irV^] A tv[R^] + Sc^ tv[6TR] A tr[VCi?] . (L.2) 

The first term does not contribute to io order because of tr[(^0)^] = 0 and tr[(^2^0)] = 0. 
For the second term, let us first consider the case when the second order term is located in 
tr[5ri?] . Then, since tr[V^i?] starts at order, the second term in Ti starts at or higher 
order. The argument is the same when tr[(5ri?] and tr[V.^i?] are interchanged. 

L.1.3 VcFT = C 3 tr[i?"^] 

This is the final case admitted in AdSy, in which a little bit detailed analysis is required. 
For this anomaly polynomial, Ti is given by (Tq and T 2 are trivially zero as in the previous 
example) 

Ti = 4Cg {tr[(fri?2(V0] + tr[(5r(V0-R^] + tr[6TR{VC)R]} ■ (L.3) 

Similar to the previous examples, to have order contribution, exactly one of the building 
blocks is of second order while the rest need to be of zeroth order. Then, we have the following 
possibilities : 

, ((0)5r%)(,2)^(Wv,r)(«0)'^,. (L.4) 

These terms all turn out to be zero due to Eq. (B.39). 

L.2 Example : AdSis 

Now we consider one specific example in AdSis which will be useful when we deal with the 
general cases. 
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L.2.1 VcFT = C3tr[i?4] A tr[fi4] 

For this anomaly polynomial, Tq and T 2 are trivially zero, while the hrst term Ti is 

Ti = 24c^ {tT[6T{R^)VC]+tv[dTVC{R^)]+tT[6TRVCR]} Atr[i?^] 

+32 tr[5ri?3] A tr[VC(i?^)]. (L.5) 

In AdSis, we consider up to w® order terms. Here we discuss the first and second line 
separately. 

The first line in Ti is easy to deal with. There are two points to notice: hrst of all, tr[i?^] 
already starts at order and it is equal to tr[(^l^)]. Secondly, the terms in the curly bracket 
starts at order and 2nd (and higher order) building blocks do not contribute to the curly 
bracket terms up to order. Thus, the lowest order contributions therefore start at order 
cj®, and this order cj® contribution does not contain any 2nd or higher order building blocks. 

For the second line in Ti, as we have shown in Appendix B.2.3, both tr[V^ii^] and 
tr[(5ri?^] start at order and such contributions do not contain 2nd or higher order building 
blocks. 

To summarize, we conclude that 2nd and higher order building blocks do not contributing 
to (^QNoether)^^ ^t inhnity up to order w®. 

L.3 General arguments on 2nd and higher order terms 

In Appendix. K, we used only zeroth and hrst order building blocks in the estimates of 
(^QNoether)^^ at T —>■ oo. Here we will deal with contributions containing at least one higher 
order building blocks, i.e. at least one (pTn) or {pTn) for m>2. We will show 

that all such contributions to vanish up to order. 

Before the proof, we here summarize some important facts. Let us consider tr[i?^^], 
tr[(5ri?^^“^], and tr[V^i?^^“^]. As we have seen in the computation for the Maxwell sources 
in Appendix C.3 of Ref. [27] and Appendix B.2.3, these traces start at and 

order respectively, and these leading order terms contain zeroth and hrst order building blocks 
only. For the wedge product of the gauge held strength F\ the leading order contribution is 
of the form and thus is of order ojK Second and higher order terms in F can only start 
contributing to F^ at w^+^-order or higher. These results will become important in the later 
computations. 

We stress that in this Appendix, by ‘all contributions’, we mean all contributions con¬ 
taining at least a second or higher order building block. 

Strategy 

Let us hrst explain our strategy. Our arguments rely on the following two facts (which will 
be shown next): 

1. Fact 1: At order and lower, all contributions to Ti vanish at any hxed r. 
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2. Fact 2: At w” order, all contributions vanish at any fixed r with one exception : terms 
having exactly one (^^2), along with products of (jjO)’s and (^l)’s. 

Once these two facts are confirmed, we only need to deal with the exceptional case in 
Fact 2 which contains exactly one (jj2). Moreover, to realize order contribution, the 

derivative {d'^'PcFT/dRdR) needs to contain one (^2), one (^0) and the rest of i?’s are (^1). 
Now we consider r —?■ oo. From Appendix B.4.2 (in particular Eq. (B.98)), we note that the 
fall-offs of (^2) in the rough estimate are 

(«2) ~ ~ (^0). (L.6) 

Thus, we can replace (^2) by (^0) under the rough estimate. Therefore, what we need to 
evaluate is 

. (L.7) 

This term, however, has been estimated in Appendix K.3.2 to fall-off sufficiently fast and 
vanish in AdSn and higher. We note that, for AdS 7 (re = 3), in Appendix. L.l, we have 
already shown explicitly that at any fixed r, there is no lower contributions than and 

that the nontrivial order contributions do not contain any 2nd and higher order building 

blocks. 

In the case of AdSg (re = 4), we note that the anomaly polynomials are just the ones in 
AdS 7 wedged with an extra F. Since F starts at (since (^0) oc dr A u), essentially the 
same argument as the AdS 7 case lead to the proof that there is no lower contributions than 
io^~^ and that the nontrivial io^~^ order contributions do not contain any 2nd and higher 
order building blocks. 

In the rest of this part, we will prove Fact 1 and Fact 2 case by case. Before doing so, 
we remind the readers that Xm denotes all possible products of (^O)’s and (^Ij’s containing 
exactly rre-number of (^O)’s wedged with an arbitrary number of (^Ij’s (see Appendix B.1.1). 
We sometimes use Xm to simply denote an element in Xm- A useful symbol 

(L-8) 

is defined to denote all possible structures (including those consist of zeroth and first order 
building blocks only) that can contribute to {R^^) at uj^ order. Here is a summary of the 
results from Appendix B.2 regarding classifications of (72-^^^): 


(K-A 

= (xi)> 



(n)) 

= {(Xo), (. 

r2«0), (^0^2), 


in+i)) 

= {(«2), ( 

R2fl0fl2), 



(flSxi), 

(X1r3), 



(fi2Ao), 

(r2«2^0), («0^ 

2fl2), (X0 b2) 


(h0«4^0) 

5 



(AOflSxi) 




(XOfl2xo) 

^ (XOr'^r^rO) , 

(rOk2^2xo)} • 
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We note that, when Einstein sources were evaluated in Appendix D .6 of Ref. [27], it was 
shown that that 2 nd and higher order terms in R do not contribute to (R^) at order 
(and lower). This is why 2nd and higher order terms in R do not appear in 
Furthermore, up to all contributions (including zeroth and first order building blocks) 

to R'^ vanish. 

L.3.1 Single-trace case 1: Vcft = tr[i?^^] 

We begin by first dealing with the case of Vcft = Cgtr[i?^^] for A: > 2 in AdS 2 n+i with 
n = 2k — 1. In this case, Tq and T 2 are trivially zero and thus we consider Ti only. 

When we compute Ti for Vcft = tr[i?^^] (for k > 2), we encounter two types of 

terms: 

single-product : tr[(jr(i?^^“^)V^] , tr[(5rV^(i?^*^“^)], 

double-product : tr[jr(i?'^)V^(i?^*^“^“'^)], (L.IO) 

where 1 < g < 2A; — 3. We will first prove Fact 1 and Fact 2 for the single-product terms and 
then for the double-product terms. 

Single-product terms: 

For such terms, the contributions up to order uj^~^ are : 

0 (a;"-i) : tr[((0)5r)(7^|“:^j)(WvO], tr[(W<5r)((o)• (L-H) 

We note that all the structures above contain exactly one (^2) except the following cases: 

tr[((o)jr)(^0«3«0)(WvO] , tr[(W5r)((0)VO(HO«3«O)]. (L.12) 

These two terms are in fact zero due to 

(W5r)%(^0)^(«m^0)''; = (^m^O)/,((o)5r)^((o) Vee')(HO)=, = 0, (L.13) 

for arbitrary (^m) (m > 0). Thus, for the single-product, we proved Fact 1 and Fact 2 . 

Double-product terms: 

The contributions of this type up to are : 

0(u;"-2) : tr[((0)5r)(7^J^))(WvO(Xi)] , tr[(W5r)(xi)((°VO(7^J,))] , 

0 (u;”-i) : tr[(( 2 )jr)(xi)(®V 0 (H 0 )] , tr[((°)5r)(xi)(^'^V 0 (« 0 )], 

tr[(W5r)(7?.J^))(WvO(Xi)] , tr[(W5r)(7?iJ^))(«VO(Ai)] , 

tr[((i)5r)(xi)((°)VO(7?^?,))] , tr[(W5r)(xi)((')VO(7^J,))] , 

tr[((o)5r)('Rj^))(WvO(Xo)] , tr[(W5r)(xo)(^°^VO(7^J^))] , 

tr[((o)5r)(xi)(®vO(7^?,+i))], tr[((o)5r)(7?:J^^,))(WvO(xi)], 

tr[((0)5r)('Rj^))(WvO(7?^J-_\“4)] , (L.14) 
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where we have used Eq. (B.41) and Xi is defined in Eq. (B.42). First, the w”' ^ order terms 
all vanish as a result of 

(«r)%uo)‘,(xi)''. = (ir)%(„o,i)‘, = 0 . 

(.0)%(<»)<5r)‘,(xi)“<i = (,o)%((»)ir)'',(,i„i,o)', = („o)%('»>«r)<',(,2,o)“, = o, 

= (,0,2)“i(<"IV,j'')(,0)'j = 0, 

(Xiri,L0„2yi = (xin(,m,Of J = 0, (L.15) 

for arbitrary (j^Tn) with m > 0. Thus, Fact 1 is confirmed. 

For the uj^~^ order contributions, one can show that all order contributions vanish 
except for the case containing one (^0), one (^2) (and the rest of R's are all 

(^l)’s). To show that, we use Eq. (L.15) and the identities 

(irriUo.ii’+’A = («r)%{,o,m,oA = ti[(,U‘+‘)(<"iv{)(,0,m,0)(i»>4r)] = o, 

= („l>’+‘,0„m) =0, (L.16) 

for any m > 0 and any (iT of any order. We could prove such identities by making use of the 
first Bianchi identity for {j^m) and the fact that (ir“[;,(,] = 0 together with the following ; 

in^Yb = = 0, oc (.. (^0)^ (X (.. .nu + (.. .)bdx>^ 

(L.17) 

and 

= (,ir=0, (,!)’■'’k(...)<.'= + !. A (L.18) 

Thus, we have proved Fact 2. 

L.3.2 Single-trace case 2: Rcft = Cj^ Atr[i?^^] 

Now we include a [/(I) gauge field and consider the most general anomaly polynomial in the 
single-trace form, Fcft = A tr[i?^^], admitted in AdS 2 n+i with n = 2k +1 — 1. In this 

case, the gauge field part at the lowest order is (^1^) and is of order uiK Combining with 
the result for the previous case, for Ti, we confirmed Fact 1 and Fact 2. 

For T 2 , we encounter the term of the form 

6A A F^-^ A tr[5rF2fc-i] . (L.19) 

From Appendix. B.2.3, we know that tr[(5rF^^“^] starts at and consists of purely zeroth 

and first order building blocks. Hence, the lowest order contribution to this term is of order 
^z-i+ 2 fc-i _ ^n-i^ which does not contain any 2nd and higher order terms in the building 
blocks 

Finally, let us consider Tq. It contains the following two types of terms : 

6A{A + i^A) AF^-^ Ati[R^’^], (A + i^A) AF^-^ Ati[6TR^’^-^]. (L.20) 
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We note that the gauge field parts at the leading order are ® (A + A (thus 

(^^-2-order) and + i^A) A (thus a;^“^-order) only. From the Maxwell sources 

computations (see Appendix C.3 of Ref. [27]) and Appendix B.2.3, the terms tr[i?^^] and 
tr[((5r)i?^^“^] starts at and order respectively, and these leading order terms do 

not contain 2nd and higher order building blocks. Therefore, the leading order contribution 
to To is of order and does not contain any 2nd and higher order terms of the building 

blocks. 

To summarize, we confirmed Fact 1 and Fact 2. 

L.3.3 Multi-trace case 1: Vcft = Cg tr[i?^^i] A ... A tr[R‘^^p] 

Let us begin with the purely gravitational anomaly case. Since the second order and higher 
terms in the building blocks do not contribute to tr[i?^'?] at order, without loss of gener¬ 
ality, we only need to consider the two-trace case, T’cft = Cg tr[i?^*^i] A tr[i?^^ 2 ] AdS 2 n-i-i 
where n = 2ki + 2^2 — 1 and ki,k 2 > 1). Depending on how the two i?-derivatives act on this 
anomaly polynomial, there are two type of contribution: single-trace case and double-trace 
case. For the former, by noticing again the fact that the leading order contribution to tr[i?^*^] 
is and does not contain any 2nd order building blocks, we can deal with this type of term 
in the same way as the single-trace anomaly polynomial case. We therefore concentrate on 
the double-trace terms appearing in Ti : 

tr[(5^i^2^l-^] A tr[Vei?^^"“^] • (L.21) 

We note that there is another case where ki and /c 2 are interchanged, but since we can treat 
it in the same way, we consider the above case only. The rest of the arguments follow along 
the same line of arguments as the AdSis case in Appendix. L.2. As we have summarized, 
the traces in this expression start at and order, respectively, and these leading 

order contributions do not contain any 2nd order building blocks. More precisely, they are of 
the form 


0(w2fci-i) . tr[(5r)i?2fci-^] = {trp^rxoj , tr[(^)5rxi]} , 

0(a;2^2-i): tr[(VOi?''^^"^] = {trpV^Xo], tr[Wvexi]}. (L.22) 

To summarize, we have proven even stronger statements than Fact 1 and Fact 2 that we 
used in the single-trace case for the terms in Eq. (L.21). That is, here we have shown that for 
such type of terms, the first non-trivial contributions start at and that 2nd (or higher) 
order building blocks do not contribute at order for any fixed r-surface. 

L.3.4 Multi-trace case 2: Vcft = t\ tr[i?^^i] A ... A tr[R?^p] 

As in the previous case, we only need to consider the double-trace case, Fcft = Cm F^ f\ 
tr[i?2fci] A tr[fi2fc2] (in AdS 2 n-i-i where n = 2ki -|- 2 k 2 + 1 — 1, and ki,k 2 ,l > 1), and more 
general cases follow from this immediately. 
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Let us start with the first term Ti. We recall that the lowest order contribution from 
is (^1)^ only and thus is at order io^. Then the above results for the purely gravitational 
anomaly polynomial cases (double-trace and single-trace cases) are enough to prove Fact 1 
and Fact 2. 

For To and T 2 , since they contain only single i?-derivative, the proof of Fact 1 and Fact 2 
essentially follows from the one for the case with the mixed single-trace anomaly polynomial 
we have investigated above (by recalling that the leading order term of tr[i?^^] is tr[(^l^*')] 
only and is of order 

To summarize, we have confirmed Fact 1 and Fact 2 for general anomaly polynomials. We 
therefore see that in Tq and T 2 the second and higher order building blocks do not contribute 
up to order uj^~^ for any fixed r-surface. For Ti, we have a weaker statement that these 
contributions do not contribute at r ^ 00. 

L.4 Weyl covariance in AdS2n+i/CFT2n 

In this paper, since we are studying AdS2n-i-i with a CFT2n dual, it is useful to understand 
how fields in the boundary CFT2n transform under the Weyl rescaling. We follow closely 
the discussions in Ref. [59-61]. We first review the Weyl scaling of boundary fields and then 
extend it to bulk fields. We then apply this analysis to estimate the fall-off of the higher-order 
terms in the curvature two-forms at the boundary. 

L.4.1 Weyl scaling at boundary 

First we recall that the Weyl weight A^, of a boundary object is defined by 

^w{Ovlu 2 ---vq ) = (mass dimension of + p- q. (L.23) 

We note that every time we act an extra we get no net change in the Weyl weight. 
Similarly, if we wedge with an extra we also get no net change in the Weyl weight. From 
these rules, it is straightforward to hgure out the Weyl weight for the following boundary 
objects : 

A^„(x^) = 0, A^(x^) = -2, 

a^( 7?^,) = A^(p^,) = -2, = +2 , 

Au.(u^) = +1, A^(u^) = -1, A^,{u) = -l, 

— 1) A^(u.^) — 1, A^ (^^1 ■ ■ ■ — 1, 

A^(A^) = A^(A) = A^(F^^) = A^(F) = 0, (L.24) 

for the boundary gauge field A = A^dx^ and field strength F = (l/2!)F^iy dx^ A dx'^ = 
{\/2\){dfj_Au — di,Ay) dx^ A dx^. In our convention, the gauge held A^ has mass dimension 1 
and thus F^,^ does mass dimension 2. 

For a general curved boundary metric, we could deduce the following Weyl weights 

A^(r^) = 0, A^(i^^,) = 0. (L.25) 

since has mass dimension 1 and R^a/S'y has mass dimension 2. 
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L.4.2 Weyl scaling at bulk 

Now we extent the Weyl scaling to the bulk fields. We first need to assign the Weyl weight 
to the radial coordinate r in a consistent way. To do this, we recall that the Weyl scaling is 
generated by a particular bulk asymptotic Killing vector by the standard AdS/CFT dictio¬ 
nary. More concretely, the Weyl scaling preserves the combination r'^rj^y asymptotically and 
hence r'^rj^y has Weyl weight zero. Combining with the fact = —2, we conclude that 

the Weyl weight of r is one. 


A^(r) = +1. (L.26) 

As a second step, we identify the Weyl weight of objects defined at the bulk. Let us 
consider the connection 1-form and curvature 2-form (we note that has the same Weyl 
weight as T°’f, since the former contains a term dT^’i,). We hrst notice T^y = T^yj.dr + T^y^dx'^ 
which has the Weyl weight 0 as can be seen from the second term. Therefore, from the first 
term we conclude A^(r^ri/) = —1- Let us next consider T^,. and R^r- Since T^,. contains 
the terms T^rudx’^, we can identify the Weyl weight for and R^r as 

A^(r^,) = A^{R\) = -1. (L.27) 

We then note that R^r contains F^^ A F^^ as well as R^r does V^y A T'^r- From these, we 
have the following assignment of the Weyl weight on the connection 1-form and curvature 
2-form (here we list up the results in (L.25) and (L.27) again) : 

A^(F^) = 0, A^(F^) = -l, A^(F^) = +1, A^(F^) = 0, (L.28) 

A^(i7^) = 0, A^(i^^) = -l, A^(i7^) = +1, A^(i7^,) = 0. (L.29) 

For the fields and ‘hj’, since and ‘h'r has mass dimension -|-1, we can assign 

the Weyl weight for any r as follows : 

A^(4>) = A^(d>T) = 1. (L.30) 

Before we apply for this Weyl scaling in the next part, we provide an alternative argument 
for the second step above: in the following, we determine the Weyl weight of F“b (and hence 
R°'h) by starting with the identihcation of the Weyl weights for the bulk metric components. 

For asymptotically AdS spacetimes, the components G^y contain a term of the form r'^'q^y 
and thus, by using Aw{r) = -|-1, the Weyl weight of these components is 

A^(G^,) = 0. (L.31) 

Then the line element ds'^ = G^^ydx^dx^ + 2G^rdx^dr -|- Grrdr'^ has the Weyl weight 0 and 
thus we can identify the Weyl weights of G^r and Grr as 

An,{G^r) = -1, Ay^iGrr) = "2 . (L.32) 
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Let us next determine the Weyl weights for the inverse metric. By using the relation 
G'^^Gcjs = 5^ with Au,((5^) = 0 and G’^’^dadb = G^^drdr + G^'^d^dr + ..., we can have 

A^(G^^) = +1, A^(G'^") = 0, /\^{G''^) =+2. (L.33) 

Then from the dehnition of the Christoffel symbols, we obtain the Weyl weights of the con¬ 
nection 1-form as well as the curvature 2-form as follows : 


T\ = G^f^drG^r dr + ... => 
= G^^^drGpr dr + ... 
V\ = G^^d^G^r dr + ... ^ 
= G^^^drGur dr + ... => 

These results are consistent with Eq. (L.28). 


A^(i?%) = A^(r%) = 0, 

A^(i^^) = A^(^^) = -l, 

A^(i^^) = A^(^^) = +l, 

A^(i^^^) = A^(r^^) = 0. (L.34) 


L.4.3 Fall-ofF of higher order terms in curvature two-form 

Now we are ready to use Weyl covariance to estimate fall-offs of (^m) for any positive integer 
m. We can easily deduce these fall-offs based on the following facts. We consider the two-form 
at the w™ order which is made of 9^, dx'^ and Up only. We call them the boundary two-form 
here. We first neglect the contraction structure. There are many possibilities for this type of 
the two-from. For example, at order we can have the following possibilities : 


dx^ A dx^ , {daiUj3^){da2Ui32) dx'^ A dx^ , 


(L.35) 


and etc.. However, the important point is that their mass dimension is all m — 2, no matter 
how the structures look like. We notice that even when we multiply or contract appropriately 
by using 

) P^iv ) 1 (L.36) 

(or those with some indices up), the mass dimensions are not changed at all since the objects in 
Eq. (L.36) all have the mass dimension 0. Therefore, the two-forms at 0;™ order constructed 
in this manner all have the mass dimension m — 2. Now we take into account the index 
structure of the two-form to evaluate the Weyl weight. When there is one free upper and 
one free lower boundary indices or no boundary indices, then the Weyl weight of this type of 
the two-form turns out to be m — 2. On the other hand, when there is one free upper (resp. 
lower) boundary indices, then the Weyl weight turns out to be m — 1 (resp. m — 3). 

Now we consider the curvature two-form. Asymptotically, the 0;™ order terms in the 
curvature two-form are written as the boundary two-form classified above with appropriate 
power of r multiplied (we notice that the curvature two-form also contains terms proportional 
to dr in general, but they do not contribute to the Noether charge. We thus neglect these 
terms). Combining the above result with the Weyl weight of the curvature two-form sum¬ 
marized in (L.28), we can identify what power of r needs to be multiplied. Then the fall-off 


- 92 - 


behaviors of the curvature two-form at a;™ order is estimated as 

{n'^rAoo ^ ^ ), 

(«m)%|oo ^ 0(r2—), (^m)%U ^ Oir^-^ . (L.37) 

In particular, for m = 2, this gives the estimate 

(^2r,U^O(r0), (^2)%U^O(r0), (^2)Mo, ^ ©(r"!), (^2)%U ^ ©(r^). 

(L.38) 

We see that this reproduces all the fall-offs in Eq. (B.97) except that we can improve the 
estimate of the fall-off for (^2)^^ by one power of 1/r. 

We note that in the above estimates, when we construct the two-forms appearing in a 
particular component of we have started with the boundary two-form discussed above 

and then compensated the Weyl weight (difference between the Weyl weights of a particular 
component of and the boundary two-form) by just multiplying an appropriate power 

of r. This provides the estimates when q = m = 0 only. With q,m ^ 0, we are also allowed 
to use ‘h'T and <I> (both are with the Weyl weight -|-1) to compensate the Weyl weight. Since 
both and have faster fall-offs than r, they will not affect the modest fall-off estimates 
above. 

M Entropy : Einstein-Maxwell contribution 

This Appendix is devoted to the evaluation of the Einstein-Maxwell contribution to the black 
hole entropy. The Einstein-Maxwell contribution to the differential Noether charge is given in 
Eq. (2.8) of §§§2.3. We first evaluate the Einstein part (the first line of Eq. (2.8)) to confirm 
that this part reproduces the non-anomalous GET result. After this, we will confirm that the 
Maxwell part (the second line of Eq. (2.8)) does not give any nontrivial contribution at the 
horizon. In the evaluation, we use the two prescriptions for the differential Noether charge 
introduced in §§E.3 and confirm the matching of the final result explicitly. 

M.l Entropy current from Komar charge 

We first evaluate the Komar charge at the horizon by taking = u^/T , the appropriately 
normalized Horizon generator. We note that this is the Killing vector which preserves the 
horizon. To the order we are working in, the horizon is given by the surface r = with 
/(r^) = 0 and dvrT = r^/'(r^). We obtain from the Komar part that 

V7 ^b^idx^^dxb) 

levrG^ 

with 

(^ 1 "), = ^ ■ (“' 2 ) 

We note that this is essentially the prescription to compute CFT entropy current given in 
Eq. (2.3). 






(M.l) 
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M.2 Entropy current from differential Noether charge : prescription I 


Alternately, let us first compute the variation of the Komar charge at a fixed r 




A dxh) 


IOttG, 




‘^rdfrj^u - {du^u^ + u^6u„) ^^^'^dx^ + ... 




levrG^ dr V r2 r ^ IGyrG, dr f J 


d (gv 


rd+lf2 d f 


IGttGj^ dr\r'^) ^ IQtiG^ dr yr'^f 


du,,y^ 


r'^+^ , r-^y- a ^ 

IGttGj^ dr \ r^ / IGttGj^ dr 

2r‘^+^fSf d f g^\ ^ 

★CFT iu 


rd+if 2 d f g. 


IGttGj^ dr 


IGttG^ dr Vr^/y ^ 


*CFT JU 


*CFTiw 


IGttGj.^ dr \r2/ 


dUaV, 


*CFT r^!/ 


(M.3) 


We will now pull-back this Komar variation onto the horizon at r = r^ and set = tt^/T 
to get 


lim <5 V^e 


{r=r„, = 


^f,*(dx“ A dxb) 
IGttG., 


= -2^ 
I 4G, 


1 j.d-1 

-dVijUu + 


★ CFT iu 


(M.4) 


[ fddf\ _v>^6u \'^*^^'^dx^ + 

llGvrG^ V dr ) ^ [iGttG^ dr ] T 


where we have used 


if)r=r^=0, _ =^nTr^\ 


{df)r=r^ =-[^ drn = -4vrT r^ dr^ 


(M.5) 


We add to this the non-Komar variation evaluated at the horizon. By subtracting from the 
above expression for the Komar part the following expression 

„• \,-nb ^^idx'^AdxbY 

a Td~y - 

[ lG7rG„ ca-y^\ 


(d + l)r^ 


N ^r=r^,if^ = y} 


(M.G) 


/ fdSf\ _Yt^du \}!2i *^^'^dx’'+ 

IiGttGj^ V dr ) ^ [iGttGj^ dr / T 
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we obtain the differential Noether charge at the horizon as 


lim 

{r=r„, = } 


i^Q 


Noether / Einstein 


= (d-1) 


2 1 
^ -6r„Ui, + 6u„ 


4G 


*CFTiu 


H 


N 


AG 


dx’' 


N 


= 5 




CFT^ 


} 


(M.7) 


M.3 Entropy current from differential Noether charge : prescription II 

Here we illustrate how to use prescription II to obtain the entropy current from evaluating 
the differential Noether charge at the horizon : 

(^^^Noether )Kin I hoT 


* Noether / Ein 

= \ ^ 


*(dx“ A dxb) 

1 b {dx°-A dxb) 

[ SttGj^ J 

hor 2 “ 8vrG^ 


(M.8) 


Using Eq. (C.8) and Eq. (C.16), we obtain for the Komar part, 


2 ^ 


A dx},) 

-- ^ 4 

SttGj^ 

hor 2 AGj^ 


_(i-l*CFT 

H 


U 


+ l^S{r 


hor 


d-l\i,CFT 


2 4G, 


+ 




n-1 


327rG, 


dgy 

dr 


Vfj,{6u 


H 


//\*CFT 


u 


... 


hor 


(M.9) 


while using Eq. (C.9) and Eq. (C.14), we obtain for the non-Komar part 


6T 


{dx°'A dxb) 


2 X SttG^ 


1 1 


hor 


2 AG. 


d-l*CFT 

H 


(6u) - 


rd-1 


327rG, 


-T 


-1 


dgy 

dr 


hor 


+ .... 

(M.IO) 


Summing up both contributions, we finally obtain the Einstein contribution to the differential 
Noether charge at the horizon as 


{^Q 


Noether / Ein 


I hor 


= 5 


4G„ 


(i-l*CFT 

H 


u 


= 6 




CFT^ *'^^'^dx^ 


(M.ll) 


This agrees with the result in Eq. (M.7) from prescription I above. 


M.4 Gauge field and Maxwfell contribution 

Now we move to the Maxwell part and confirm that the this part vanishes when evaluated at 
the horizon. 

The Komar charge for the Maxwell part is given by 

(A + KA)-^, (M.12) 

9ym 

and thus vanishes at the horizon due to (A -I- i^A) \ hor = 0. 
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On the other hand, if we evaluate the differential Noether charge at the horizon, then we 
need to evaluate the following at the horizon ; 


(l^QNoether)MaxUor — (A + t^A) ■ 6 


+ 6 A 




hor 


(M.13) 


hor 


Again, the first term is zero at the horizon due to (A + i^A) \hor = 0. For the second term, 
from Eq. (C.7) and the fact that vanishes at the horizon, we obtain 


*F\hor = -{d-2)q . 


(M.14) 


However, in evaluating i^*F at the horizon, using ^^\hor = u^/T and the fact that iu*u = 
*{u A u) = 0, we finally conclude that 

(^QNoether)Maxl \hor = 0. (M.15) 

We note that the above computations for the Maxwell part at the horizon apply to both of 
the two prescriptions. 
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